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Chapter 1

Review of Linear Vector Spaces

For a more complete description of vector spaces, refer to my Mathematical
Fundamentals of Quantum Mechanics notes.

1.1 Linear Independence and Basis Vectors

Any vector x in a vector space can be written in terms of n linearly
independent unit vectors, {e;}, which form a basis:

X = E xT;e;.

i=1

Definition 1.1: Vector Space

A vector space is a collection of objects that can be added or “scaled”.

!
The space C? of complex 2D spinors Y = is a vector space.
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Definition 1.2: Linear Independence

A set of vectors {a, b, ..., u} are said to be linearly independent if
Aa+ub+...+o0u=0

has no solutions except A = p = ... = ¢ = 0, i.e. all vectors are
orthogonal. A space is said to be n-dimensional if there is a maximum
number, n, of linearly independent vectors.

1.1.1 The Scalar Product

The scalar product is a binary operation in which a pair of vectors operate to
give a scalar, i.e. (a,b) = (a|b) = a-b. This satisfies laws of commutativity
and distributivity, i.e.

(a,b) = (b,a)"
(a,Ab+ pc) = A(a,b) + u(a, c)
(a’ a) > 07

NI
v
o

where the last condition is the squared norm of vector, i.e. ||al| = (a,a)

1.1.2 Orthogonality

Vectors are said to be linearly independent if their scalar product is zero, i.e.
(a,b) = 0 and so a and b are orthogonal. These scalar products satisfy the
Cauchy-Schwarz inequality;

[(a,b)[ < la]| [|b]],
and vector norms satisfy the triangle inequality;

la+ b < fla]| + [[b]



If a set of vectors {e;} forms an orthogonal basis then

It is easy to find components x; of vector x = ) x;e; if the basis vectors
{e;} are orthogonal, i.e. (e;,e;) = d;;;

(e;,x) = Z%’(eia e;)

= fl‘i(ez‘,ez')

= Z;.

1.2 Function Spaces

Definition 1.3: Function Space

A function space is a space for which the elements are functions. The
dimensionality of a function space may be infinite, e.g. periodic func-

tions f(z) = f(z + 2nm) with (f, f) = f027r|f|2 dz < oo.

For a vector space of complex functions one may choose the basis functions
to be e, = ¢, () = =e" :n € Z, ie. f(x) =>"" _ fupn(x). Therefore

Var ; i
the components of the functions are given by

f(z) = (¢n(2), £(z"))

— 7 i)t o
0
2 o8}
= [ 6i0) 3 pou)ar
27-(- o0
_ / S ¢ (@)pu() | fude.



The scalar product of these periodic basis functions is given by a Dirac delta
function;

Z ®;( (¢n( ), dn(x )) (:C—:I:’ + 2n).

n=—0oo

A Hilbert space is a vector space in which all functions of vectors have finite
normes.

1.2.1 Completeness Relations

The completeness relation states that
The sum over these periodic basis functions is given by a Dirac delta function;

Z ok (x)pn(2') = d(x — 2’ + 2nm).

Example 1.2: Calculate the integral [~ f(z)d(2? — *¢?) dx

To calculate this, one must first establish the zeros of the delta func-
tion’s argument, a;, and use them to calculate the value of the delta

using the relation
o(x — a;
o) = 3

The argument of the delta is 2% — c?t?, hence the zeros are at z = %ct.
The function of the argument, g, is then g(z) = 2%, hence its derivative
is ¢'(x) = 2z and so at the zeros ¢'(£ct) = 2¢|t|. The delta is thus

given by d(g(x)) =, % and therefore the integral is

2t2

2 1 .
20|t|/ f(2)6(z* — Pt?) dx = 7 |t’< (ct) + f( t))




Chapter 2

Eigenvectors and Eigenvalues

2.1 Review of Linear Operators

A linear operator L acts upon vectors a, b, ... to give new vectors La, Lb, ...
such that

L (Aa+ pb) = ALa+ pLb.

Example 2.1: Linear Operators

e Matrix multiplication

e Differentiation

e Integration




2.1.1 Mapping, Domains and Codomains

If a linear operator maps vector f onto another vector g, i.e. Lf = g or
L : f — g, then the vector spaces of f (the domain) and g (the codomain)
may be different.

Definition 2.1: Domain and Codomain

The domain of a function is the set of argument values for which it
is defined. The codomain of a function is the set of values that the
function is allowed to take, however the image is the set of outputs
that the function can take.
Example 2.2

The domain of cosine is the set of all real numbers as it can take
any real argument. The “output” of cosine is always real, hence
its codomain is the set of all real numbers, however the values
that this output can take are within the interval [—1, 1], which
is its image.

Figure 2.1: Function f acts upon members of the domain X, mapping it to
codomain Y. The yellow ellipse is the image of the function.



Example 2.3

2 1
The matrix L = 5 4 g maps from domain R?® to codomain R2.
. . . 1
The range is the one-dimensional subset of vectors A N A e R
T
Taking a three-dimensional position vector x = | x5 |, the vector
Zs3
u
u = Lx is then given by [ ' | = (321 + 222 + 23) )
Ug

2.2 Adjoint and Hermitian Operators

The adjoint operator T produces the Hermitian conjugate of the initial opera-
tor. The Hermitian conjugate of an operator in matrix form is the transposed
complex conjugate, i.e. for a matrix m the Hermitian conjugate is

T *

—
-, =

Figure 2.2: Directionality of linear operator L and its Hermitian conjugate.

m

More generally, where a € domain(m) and b € codomain(m) then
(a,m'b) = (ma,b) = (b, ma)*.

11



The scalar product of two vectors v and w may therefore be written

(v,w) =viw.

The self-adjoint operator is an operator that it equal to its own adjoint, i.e.
it satisfies L = L', such that the domain and codomain coincide.

2.3 Eigenvectors and Eigenvalues

The eigenvalue problem can be summarised in a simple equation:
La = )a a#0,

where X is an eigenvalue and a is an eigenvector. For a Hermitian operator
the eigenvalues are real and the eigenvectors corresponding to eigenvalues
are orthogonal.

Theorem 2.1: Hermitian operators have real eigenvalues

The eigenvalue equation for an operator and its adjoint are given by

(a,La) = \(a,a)
(L'a,a) = \*(a,a).

For a Hermitian operator L = L', then

(L'a,a) = (a, La)
—0=(a,La) — (L'a,a)
= ()‘ - /\*>(a7 a)7

therefore A = \* and hence is real.

12



Theorem 2.2: Hermitian operators have orthogonal eigenvec-
tors

Consider two eigenvectors a and b that satisfy the eigenvalue equation:

La = )a
Lb = pub.

By Hermiticity (b, La) = (Lb,a) and so

(b, La) = A(b, a)
(Lb7 a) = M(b’ a)
— (A= p)(b,a) =0,

the scalar product is therefore zero, and hence the eigenvectors are
orthogonal.

2.4 Weight Functions

For function spaces the generalised eigenvalue equation is

Lf=M\pof,

where p is a weighting function which is real and non-negative. Reality of
eigenvalues and orthogonality of eigenvectors still hold in this more gener-
alised form.

Theorem 2.3

Consider solution to the eigenvalue equation

Lfi = pfr = (f2, Lfi) = M(f2, 0f1)-

If the operator L is Hermitian then

(f1, Lf2) = (f2, Lf1)" = Xa(f1,pf2)

and so the difference of these two equations is

0= (A — X)) (f2, pf1)-

13



This draws two conclusions:
o If fi = fy then (fs, pf1) # 0 and so eigenvalues are real, i.e.

)\1 S )\; v>\172.

o If \; # Ay then (fs,pf1) = 0 and so f; and f, are orthogonal
eigenvectors with a weight function p, i.e.

(w,v), = /p(x)u*(m)v(x) dz = 0.

2.5 Sturm-Liouville Theory

There is a very important class of equations with weighting functions, known
as Sturm-Liouville equations. These are second-order ODEs of the form

_ d
L=—— (p@)i) +a@),
which can be applied to the eigenvalue equation

Ly(z) = Ap(x)y(z),

where p, ¢, p € R and p, ¢, p > 0 over an interval [a, b]. Explicitly this equation
becomes

Example 2.4

Consider a quantum particle in a one-dimensional box (or a vibrating
string), whose equation of motion is given by

d?w

da?

= BV, z €0, L]

14



hence p(z) =1; ¢(x) = 0; p(z) =1; A = E.

Alternatively, if the particle is defined on a disc, ie. r € [0,a],
then the equation becomes

—V3U = EV,
which in cylindrical coordinates is

2 100 1 02
G 1w Lo

or:2  ror r?og?
Assuming the wavefunction takes the form W(r, ¢) = f(r)e"™? this then
becomes L L )

__f___f+m_2f:Ef,

T

Multiplying all terms by r and rearranging to obtain the form of a
Sturm-Liouville equation, one gets

L ar)+ =By

and hence p(r) =r; q(r) == p(r) =r; A= E.

\ 7

It is possible to an equation into the form of a Sturm-Liouville equation.
Consider a more generalised form:

y' +ay' + By + Aty = 0.

Multiplying both sides by a so-called “integrating factor”, —p(x);

/!

—p(x)y" — p(x)ay’ —p(x)By — Ap(x)Ty = 0.
h ~——

é*dd—gc(m,f’)=fpy”fp’y’ =

One therefore gets that g—g = ap, resulting in p(x) = Ael" @) de’ - where
A = e° is the constant of integration. This is real and positive if A > 0,
i.e. ¢ > —oo, with other solutions being trivial, i.e. p(x) = 0. As p > 0
by definition and p > 0 then one get 7 > 0. The parameters for the Sturm-
Liouville form are then p(z) = Ael” @@ %" () = —Bp(x); p(x) = Tp(x).

15



Example 2.5

Reconsider the particle defined on a disc from Example 2.4:

_d2_f_lﬂ+m_22f:Ef‘
T

as before.

For any two real functions u(x) and v(x) defined over the interval z € [a, b]
the Sturm-Liouville operator may also be defined over the interval [a, b].

Theorem 2.4: Defined interval of Sturm-Liouville operator

The difference of the Sturm-Liouville operator acting on the functions
is given by

v(Lu) — (Lv)u = —v(m)% (pi—fj) + vqu + % (pﬁ—i) U — vqu
= % (—vpj—;f + upﬁ—if) .

Integrating this over the interval for which the functions are defined
then gives

b

a

b
/ v(Lu) — (Lv)udz = [—vpg—;‘ + up%}

= (v, Lu) — (u, Lv) = [p <ug— . ug—)r

and so L is defined over the interval [a, b].

16



2.6 Hermitian Sturm-Liouville Operators

If L is Hermitian then (v, Lu) = (u, Lv) and so two conclusions can be
reached:

/abv(Lu) — (Lv)udz =0 or

the second of which can be written explicitly as

[p (uiz - —)} = p(B)u(b)o/(b) — p(b)u (B)(b)

Self-adjointness is a property of the operator and the boundary conditions
applied to the function; in general boundary conditions are p(a) = p(b) = 0.
If this is not the case then the operator is still Hermitian but the boundaries
are said to be separated.

Since, by definition, Sturm-Liouville equations are second-order, there are
two independent solutions. One solution, u(z), has already been found for a
given eigenvalue \. Consider both solutions y; and ys:

Ly, = Apyx
Lys = Apys,

one then gets

yaLyr = Apy1yo
y1Lys = Apyr1ya.

17



The difference of these then becomes

0 =y2Lyr — y1Ly;
= o (v ) — B b (pi2) + B0t
= % (—ygp% + ylP%)

= L (pw)

CLpw = c,

where ¢ is constant over the interval for which the Sturm-Liouville operator
is defined x € [a,b]. Separate boundary conditions may be equivalent to
¢ = 0, in which case pw = 0 for = a,b. In this instance if p # 0 then the
Wronskian is equal to zero, i.e. yvh — yo1) = 0 = y; = y2e?, where d is
some constant of integration. The second solution is therefore a scaled first
solution, hence is not independent. However, if the boundary conditions are
not ¢ = 0 then

pw = p(y1ys — Yoyy) = ¢

1,y ¢
= —Yy— Y= —
Ui y? Y3
—_—
:i<2)
dz \v1

=Y =y /x;dx
) pyi)

Thus if the second solution g, exists it can be constructed, though there is
no guarantee it will satisfy boundary conditions. This second solution may
diverge if p(a) = 0 or p(b) = 0 and be indivisible as a solution, i.e. p(z) =0
for singular points (automatic boundaries).

For Sturm-Liouville operators with separated (p(a,b) # 0) boundary condi-
tions:

e Eigenvalues are real and non-degenerate.

e There exists a lowest eignvalue )\g in an unbounded space, i.e.

/\0<)\1<)\2<...; lim )\n—>OO

n—o0

18



e The number of nodes in the n'" eigenvector is exactly n.

e The eigenfunctions (uy,, u,;m # n) are orthogonal such that

b
(U Un)p = / Uy, U de = 0.

e The eigenfunctions u;(x), us(z), ..., u,(z) form a complete basis set of
functions over the interval [a, b] suitable for the boundary conditions.

2.7 Spherical Harmonics and Legendre’s Equa-
tions

An example of a series solution is the usage of Legendre polynomials. A use
for such is by considering a potential f around a point charge placed at z =1
along the z-axis, as shown in Figure 2.3.

N

Ig

r —1Ip

Origin

Figure 2.3: Potential at a field point with coordinates r due to a point
charge placed at ry with z = 1.

19



Setting L, the potential is given by

q 1 B 1
dreg v — 10| |r — 10|
1

f=

- (r3 + 12— 2rrq cos(6))
1
= T- (I’O = 1)
(1+ 72— 2rcos(9))?

N

For small r, f can be expanded in powers of r thus becoming a generating

function, i.e.
o

flrou) = 1" Py(u), (u = cos())

n=0

where P,(u) are Legendre polynomials. For very small r, cos(f) ~ 1, and so

= r"P,(1)

1 1

(1+r2—27ﬂ)% L—r
=l4+r+r+...
= P,(1)=1.

f satisfies the Laplace equation except at r = rg, i.e.

.. Of 20f 1 9 of
Vf_W+FE+r2sm(e)%< n<9)89) 0.

Note that this is independent of azimuthal angle ¢ as cos(f) ~ 1, so 6 ~ 0.
Furthermore, each term r"P,(cos(f)) is a solution because V? just reduces
the power of r by 2, i.e.

o?rm 2 9rm
+ 2 =nn—=1r""242p" 2
or? r Or ( )
=n(n+ 1)r" 2
Attention may now be paid to the — (0 89 (Sln 8—g> term. From the chain
rule 2 = 942 where u = cos(f) and so 2% = — sin(f), thus the overall term

20



becomes

202 (o) - 4 (-9

Combining all of the above then gives Legendre’s equation:

d dp,
—— | (1=?) =n(n+1)F,. (p=1)
=p(u) =A

There is regular singular points at u = £1 which give 1 — u?> = 0. By
orthogonality of Legendre polynomials

1
/ P,(uw) Py, (w) du = kO,

1

(. J

:(Pnypm)

where k,, are a family of values for the integral. At constant k,, the inner
product of a function with itself is given by

! 1
(f’f>:/11—2ru+r2du

1 NE
=3 [ln(l—?ru—i—r )}_1

1
=35 [ln(1—2r+r2)—ln(1+2r+7“2)}

% (In(1—r) —In(1+7))
1

o 7"2 7’3 7’4 7”2+7"3 T’4+

21



In terms of Legendre polynomials the inner product of f with itself is also
given by

1 o0 00
)= [ SR Y P du
“+n=0 m=0
— iirm—i—n/l Pandu
m=0 n=0 R —1 ,
=kmOmn
= Z "k,
n=0

The inner product of a Legendre polynomial with itself it hence

on—+1

Returning to the example of potential due to a point charge;

flriu)=(1—2ru+ 7’2)_%

=1+ (—%) (=2ru) + O(r?)

= 1 + ru +0O(?).
=Py (u) =P (u)

22



In order to obtain a recurrence relation between P,,’s, take the derivative of
the generating function:

n=0
% =(k—7)(1 —2ru—|—r2)7%
= an"’lpn(u),
n=0

then multiply both sides by 1 — 2ru + r%:
(k—r) Z 7" P,(u) = (1 — 2ru +r?) an”’an(u).
n=0 n=0

Equating coefficients of ™ gives

WPy — Pt = (m + 1) Pt + (m — 1) Py — 2umPy,
= (m+1)Pny1 = 2m+ 1)uP, —mP,_1.

Taking, for examplem m = 1:

2P, =3u-u—1

3u? —1
= fé(U)iZ 9 .

23



Example 2.6: Find the potential ¢(r,u = cos(d)) of a ring of

uniform charge for r > a

Expanding ¢ as ¥ (r, u) = > " ¢o =47 Pa(u) (and preventing singular-
ities by ignoring n = 0), one can calculate the coefficients ¢, by setting
u =1, i.e. calculating the on-axis potential (6 = 0):

o0

) = ety (P(1) = 1)
n—ql N

The non-vanishing coefficients have n = 2m, i.e.

q 1\" 1
i = —— ] —(2 nn
“ 4dreq ( 2> m!( m+1)

where 2m 4+ 1)l =1x3x5x...x (2m—1) x (2m +1).

24




Example 2.7: Conducting cone

Consider the tip of a conducting cone just touching a zero-potential
plane. The solution to this is a solution to the Laplace equation with
boundary conditions V'(r,0) = 0 and V (r, cos(a)) = Vj. As the bound-
ary conditions do not depend on 7 one can trial a solution of V' = ¢(u),
i.e. solving Laplace equation of the form

()

(1-w)2=a
A
—>¢(u):/1_u2du

Aarctanh(u) +BPy(u)
—_———

second solution of
Legendre polynomial

_ gm(i“‘) +B.  (Po(u)=1)

—Uu

second solution diverges
at w = %1, i.e. the regular
singular points of Legendre

The solution is only required for 0 < u < cos(a), thus one can fix the
constants A and B from the boundary conditions:

¢(cos(a)) = Vo

$(0) =0 = Aarctanh
= Aarctanh(0) + B o tan h((COS(Fg)))
arctann(cos
= B=0 = o= Voarctanh(COS(Oé))'

25



2.8 The Quantum Oscillator and Hermite’s
Equation

2.9 Orthogonal Polynomials

26



Chapter 3

Green’s Functions

3.1 General Properties

Green’s functions are used extensively in numerous areas of physics, in-
cluding electrodynamics, scattering kinematics and quantum mechanics.

Definition 3.1: Green’s Function

Green’s functions are used to solve equations of the form

Lu(z) = f(x),
where L is a linear differential operator?, the function u(z) satisfies

boundary conditions at x = {a,b} and f(z) is a source term. The
function u can always be written in the form

b
ue) = [ Gla) ) s
where the Green’s function G(x, z’) is given by the defining equation
LG(z,2") = §(x — 2').

The Green’s function works by solving the differential equation for a
singular source point - equivalent to a Dirac delta function - which is
then integrated over in order to encompass the entire source.

o[, acts only upon the argument of the function, i.e. « but not z’

27



Theorem 3.1: The function u of the linear differential equa-
tion Lu(z) = f(r) can always be written in the

form u(z) = |, f) G(x, o) f(2") dz’'

In terms of a Dirac delta function, a general function f(z) : x € [a, b
may be written

b
fl@) = [ 3w~ 91w .
By the definition of the Green’s function this can be rewritten as
b
o) = [ L6 f) dy
b
= L/ G(z,y)f(y) dy.

Green’s functions are defined for equations of the form Lu(z) = f(x),
thus by equating the source terms f(x) one can see that the solution
can always be written in the form

Example 3.1: Electrostatics

Gauss’ law for electrostatics is given by

v-E=L
€0
By relating the electric potential to the electric field as E = —V ®,
Poisson’s equation for the potential is given by
Ve =2
€0

with the boundary condition that it falls off with distance from the
source, i.e. lim ®(x) = 0. The Green’s function (setting ¢y = 1) is
Tr—00

therefore given by the solution to

V2G(x,x) = §(x — x),

28



known as the fundamental solution;

1
4rr|x — x!|

G(x,x') =

Using the initial notation, i.e. u(z) = [G(x,x')f(x')dx/, one gets

u(z) = ¢(x); G(x,x') = ﬁﬁ; (x') = p(x’), and so the potential is

1 p(xl) 3,/
O(x)=— [ ——dX.
(x) Am / |x — x| *

\

J

Consider the Laplace equation for a Green’s function, i.e.
V2G(x,x) = d(x — X').

Integrating this over volume resolves the delta function, thus
// V - VG(x,x)r?sin(0) drdf dg = 1,

where r = |x — x’|. By the divergence theorem, one gets VG as

1

Amr2’

vG

Taking a path integral of this cancels the gradient operator, thus

1 1
ar  4wx— x|

Theorem 3.2: Fundamental solution

3.2 Construction of Green’s Functions

There are three main methods of constructing Green’s functions: decompos-
ing the Green’s function into eigenfunctions, decomposing the functions u
and f as eigenstates, and using continuity for boundary-oriented problems.
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3.2.1 The Eigenfunction Method

The eigenvalue equation for linear Hermitian operators with normalised eigen-
functions u(z) is written

Luy(z) = Apug(z),
where )\ is real. Assuming the Green’s function can be decomposed into
these eigenfunctions, i.e. G(z,y) = >, cx(y)ur(z) and using the defining
equation LG (z,y) = 0(z — y), then
o(x —y) = Z cx(y) Lug(z)
k
=Y anly)Mwux(x)
k
This can be projected onto another eigenfunction u,(z) to give to coefficients

(we(x),0(z — ) =Y culy) Me(e(x), up(z))
= ch(y)/\k5kz
k

= co(y)\e

(wn(2). 50 ) = [ i3~y o

*

= uy(y);

*
uy(y)

A

The decomposed Green’s function in terms of eigenfunctions - sometimes
known as the bilinear expansion - is hence

33 y, ch Uk Z%ﬁjk(@

k

= c(y) =

From the - relation it can be seen that zero-mode terms (), = 0) di-
verges and hence has no unique solution. Furthermore, from this summation
form one can see that for a Hermitian operator the Green’s function is also
Hermitian:

*

G(m,y)zzwz ZM _ (G(y,x))*,



3.2.2 The Eigenstate Method

Decomposing the two functions u(z) and f(x) of the differential equation
f(z) = Lu(z) into the same eigenfunctions;

u(z) = Z Clhn () and flz) = Zdnun{x)a

n

the equation then becomes

Z dyun(z) = Z cnLuy, ()
= Z CnAntn ().

Projecting this onto another eigenfunction w,,(z)

Z dn (Um, un) - Z dn(smn Z Cn)\n (uma un) - Z Cn/\n(smn

n n

=d,; = CmAm
= (U, [) = dim = cmAm.
For the zero-mode eigenvalue \,, = A\g = 0, then
(uo, f) = do = coAo = 0,

hence the zero-mode solution ug(z) and source f(x) functions are orthogonal.
This leads to the coefficient ¢y being indeterminate and hence a family of
solutions is required for a full solution. The solution is then given by

u(z) = Z Cnliy ()

[e.9]

= C(]U0($) -+



however the Green’s function is given by G(z,2") = >_, %ﬁ@, thus

un () = couo(z) + /G(x,x’)f(x’) da’.

Example 3.2: Driven vibrating string I

Consider a driven vibrating string with fixed end points whose driving
force F'is given by '
F = F(x)e ™",

The forces on the string are then related by

0%u 0%u ou it
e =l Py "D
. . Y Driving

Density Tension Friction

where u is the displacement of point x along the string from equilib-
rium. Assuming that friction in the system is negligible then one can
seek a solution of the form

—twt

u(t,z) = y(x)e

Substituting this into the force equation then gives

a2 TV T
Defining k% = %2 and f(x) = F,EFI) then the equation takes on the form
d?y
a2 " Ky = f().

To solve this, one uses the Green’s function to solve a similar form:

9*G(x,y)

52 + k2 G(z,y) = d(x — y).

2

d
Expanding f(x) — A,y and rearranging to d—z = (A, —k*) y and
73
defining k2 = k? — A2, then the problem is similar to a simple harmonic
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oscillator, i.e. y” = —k2y, whose boundary conditions allow only y =
\/% sin(k,x), where k, = “F. The Green’s function is then

U () sin( k x) sin ny)
Glo) = 0 105D 2 5 ,

’Il
n

and so the solution is

L 2 sin(k,x)
w(@) = [ a. Ndy=3 =2, 2 nllr) o

where d,, = \/7f0 ) sin(k,y) dy.

3.2.3 The Continuity Method

The continuity method can be used to find the Green’s function of ODEs of
any order, e.g. a second order ODE given by

The method to solve this is as follows:

1. Separately solve for regions = < 2’ and x > 2/, where the equation

reduces to
LG(z,2") =0

plus boundary conditions.

2. Integrate about x = 2’ and use the continuity of G(z,z’) to generalise
the solution, i.e. using that lir% [G(z, 2 )}z,ﬂ =0 then
e—

fimg [aax Gla, 5’3/)} . a@)



Example 3.3: Driven vibrating string I1

Reconsidering Example 3.2, whose equation of motion was

d? >
<@ +k ) u(z) = f(x).

This matches the form for Green’s function:

d2
T k| G(x,2') = 6(z,2),

with boundary conditions G(z,2’) = 0 for « = {0,L}, ie.
r<a x>
G(z,2') = A(2')sin(kz) | G(z,2") = N(2')sin(k(L — x))
(G—0atx=0) (G—0atx=1L)

G(z,2') is required to be continuous, i.e. the string does not break, at
x = 2" and that 0,G(x,2’) is discontinuous (has a step) at x = 2/, i.e.
a point force induces a “kink” in the string). To find the discontinuity,
integrate the Green’s equation about z/;

z'+e€ d2 ) x'+e
_ k / — _
/x’e Epei G(z,2")dx /x’e 6(x — 2')dx

) z'+e ' +e
[% G(x, x')} + / k’G(z,2')dz =1

xr'—e€
(& J/

TV
= k2G2¢, in the limit
€ — 0 this tends to zero

. 8_G z'+€
oz
= —kBcos(k(L — ")) — kAcos(kz') = 1.

=1

z/—e

In summary then, from continuity
Asin(kz') = Bsin(k(L — ')
and from discontinuity

—kAcos(kx') — kB cos(k(L — 2')) = 1.
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Rearranging the continuity equation for B and substituting into the
discontinuity equation gives
sin(kx’)
sin(k(L — z'))
cos(k(L — ")) . ,
k
(oL = 2) k)

cos(ka') sin(k(L — 2')) + sin(ka’) cos(k(L — 2'))] .

1= —kAcos(kz') — k {A } cos(k(L — 2'))

=—kA [COS(kQ?/) +

kA [
sin(k(L — "))

Using the trigonometric identity sin(A + B) = sin(A)cos(B) +
sin(B) cos(A) and recalling —m sin(kL) = 1, then

_sin(k(L —x))
ksin(kL)

_ sin(kx)
ksin(kL)

A=

The Green’s function is finally given by

__sin(kz) sin(k(L—z')) /

G(ZE CL’/) _ ' (k(]ESin()ﬁL’) - rT<T
) sin —x)) sin(kz /
- REEE L =T

One should note the symmetry under exchange of z and z’.

3.3 Quantum Scattering in the Time-Independent
Approach

Consider a wavefunction of the form



which satisfies the time-independent Schrodinger equation

P G20y + Vo) = o).

2m

For positive energies one can introduce a wavenumber k such that the energy

is given by F = h; T’fj, thus Schrodinger’s equation becomes
2
(V2 4+ k) ®(r) = h—w;V(r)(I)(r) = p(r).

In order to solve this the boundary conditions must first be determined. Con-
sider a beam of quantum particles for which m 1/ (r) = 0 and outside the
range of interaction the beam is a plane wave, i.e. ®(r) = e**. The radial

rdr dr
The spherical wave eigenfunctions are then of the form %ei“‘”", thus the out-
going spherical waves are of the form f(6, 425)#, written x(r). For the
asymptotic boundary condition (r — oo) the radial wavefunction is then

®(r) — e** + x(r). The Schrédinger equation thus becomes

Laplacian operator for spherical coordinates is given by V2 = —14 (7‘21).

(V2 + k) x(r) = p(),

ikr

which is subject to m x(r) = f(0,¢)%~. In order to solve this, one first
solves the Green’s function equation

(V2 + k%) G(r,r') = 6(r — ).

In general, if the operator is translationally invariant then the Green’s func-
tion can be taken to be a convolution operator, that is to say G(z,s) =
G(z — s). Therefore the Green’s function of the Schrédinger equation be-
comes G(r,r') = G(|r — r'|), thus

(V> + k%) G(r) = 4(r).

From the fundamental Green’s solution it is already known that

V2 (1> — _drd(x),

r
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which is the asymptotic limit of the Green’s function as » — 0. However, the
limit » — oo leads to the boundary

e:l:ikr
(V2442 S— =0 r#£0
1 eiik\r—r’\
= Gulrr)=——
+(rr) 4t |r — 1|

It is more natural to use the outgoing Green’s function, G, thus

un(x) = couo(z /G+ r,r’)p(r') d*r’

— ®(r) = ** 4 /G+(r,r’)p(r’) d®r’

2
_ zkz+h_7§ G (r,”)V(r)®(x') dr,

which is known as the Lippmann-Schwinger equation.

3.4 Perturbation Theory

It is possible to expand mathematical problems in orders of a small param-
eter, known as a perturbation expansion.

Definition 3.2: Perturbation theory

Some mathematical problems cannot be solved analytically (exactly),
however

One of the ways of solving the problem of weak potentials is by iteration,
i.e. replacing each ®(r) with a corresponding integral for the Lippmann-
Schwinger equation, known as a Born expansion;

_ k2 / N tkz’ 13-
O(r) =™ + =) Gi(r,x)V(r') e d°r
=(r')
2m ? m\ ikz"” 330 131
T Gy(r,r" ) V()G (r', ")V (") d°r'd
(p(rll)
+ ..
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For weak potentials, one usually truncates this at the first line and substitutes
for the Green’s function - known as the Born approximation - giving

zk|r r’
P 1kz d3 /
() = 2nh? / Ir — r’|
ikr

Therefore within the Born approximation ®(r) — e + f(0, )<

with
f0,0) = =525 | V(r’)ei(k_k/>'r d3r’ - this is a good approximation for, say,
electron scattering.

3.4.1 Diffusion

One can now consider particles diffusing in a medium and being injected by
an external source. Where the number of particles at a position r at a given
time ¢ is given by n(t,r), the flux of the particles J should be given by

J=—-DVn+an(V’n) +
Ig;:)re

In the absence of the a source, the continuity equation is then

on on
_——D2 —
e +V-J 5 Vn =0,

however, when a source S(t,r) is introduced this becomes

on 9

Drawing similarities to the Green’s equation, in this scenario u,(r) = n,
f(r)=S(t,r) and L;, = 2 — DV?, thus the Green’s equation becomes

% — DV*G =6t —t)o(r — 7).

Homogeneity in ¢ and r means that G(r — v/, ¢t — t') will satisfy

oG o
57— DV°G = 6(0)s(x).
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Using the Fourier representation in k-space;

3
Glt ) = / TG (1) (i) &
2T
3
_ /eik-r (% —DV2G> d_k?)?
ot (2m)

5(t) = /5(t)e““‘ (%)3 d3k.

The Green’s diffusion equation in the Fourier-representation is hence

ilen .
o+ DIGy = (1)

Applying the continuity method, the above is a homogeneous equation for
which
0Gy,

W#—DkZGk:O, t#0

P2
thus Gy o< e P** and so

Ae PRt ¢ >
Gr = —Dk?
Be tt<0.

However, for t < 0 the Green’s function diverges as t — —oo, thus B = 0
- this could also be argued from continuity. Integrating about the point of
continuity gives

oG,
| G rDRGA=1

= [G]°, + 2¢DK*G.
Taking the limit of € — 0 about the point of continuity this then becomes
lim [G]°, + 2¢DE*G = [G4(0) — G_(0)] + 0

=A-B
= A=1.

Therefore the Green’s function for diffusion is

—Dk?t
t>0
Gr=1{°
0 t < 0.
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Reverting back to x-space, this becomes

Glt.r) = /Gk<>““i

= ( > /// k2+k2+k2 t+z(kxa:+kyy+kzz> dk’ dk d]{]
27

1 T a2 1 T 42 1 T 22
= | —4/ —e¢e 4Dt — | —e 1Dt — 4| —e 2Dt
2w\ Dt 2r\ Dt 2r\ Dt

r 3
1 T _ 2?4y 422
fr _ B [ 4Dt
2\ D
) 3
1 2 2 0
= “apr, t>
(47TD15) ‘

that is to say that for a small amount of time the diffusion pattern is a thin
Gaussian in which a particle is localised near » = 0, whereas following a
longer amount of time the spread increases but remains Gaussian in shape,
as shown in Figure 3.1.

Small ¢

r

Figure 3.1: Diffusion distributions for different time periods.
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3.5 Travelling Waves

3.6 Example: Electromagnetism

In previous modules the reader should have met the Lorenz gauge, 012 5 T

V - A = 0, resulting in the wave equations for a vector potential A and a
scalar potential ®, i.e.

Od(r,t) = @

OA(r,t) = poj(r, t),

where [ = —QW — V2 is the d’Alembert operator. The aim of using Green’s
functions in electromagnetism is to consider what happens for an arbitrary
source, thus one must study what happens for the d’Alembert of G:

OG(r,t;1',t") = 6(r —')d(t — ).
The solution to this is subject to two physical constraints:

1. The potentials fall off with distance from source

lim G(r,t;r',¢') =0

T—00

2. Causality is preserved
G(r,t;r' ') = 0. t<t

For Galilean invariance one takes the Green’s function as only a function of
differences in quantities, i.e.

Gr,t;v', ") =G(xr -1t —t').
In order to obtain a function form of G, take |r'| = = 0, thus
OG == = — V| G(r,t) =0(r)o(t).
c
Solving this is equivalent to solving for the scalar potential by

// r—r t—t)p( ) v ar
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3.6.1 The Fourier Transform Method

The Fourier transforms of the temporal delta function and a Green’s function
are given by

where G, is the Green’s function in w space. The Fourier representation of
the wave equation of the Green’s function is thus

dw (1 0? i
0G = % 6_2 ﬁ - V2> (& tGw(r) = (5(1‘)5(75)
dw w’ 2 | —iwt dw i
=3 |- = —V* | e™'Gy(r) —/ge 4(r)
k2

= — (V2 +§°) Gu(r) = 6(r),

where V2 4 k? is known as the Helmholtz operator. As expected, this solves
to




3.6.2 Retarded Green’s Functions

Solving for the original Green’s function by inverse Fourier transforming,
then

A7r o

Vv
Fourier representation

of §(t—2)=0(tret)
5(tret)

- 4rr

which is called the retarded Green’s function. One should note that when
t < 0 the delta function can never be non-zero and so G falls to zero, thus

preserving causality. This result came in the choice of outgoing waves as a
solution to the scattering problem.

3.6.3 Retarded Potentials

Using the retarded Green’s function the retarded scalar potential for a charge

distribution is thus
(=0 1%) e
O(r, 1) = Bo(r, 1) + / & / dt Sk

Am|r — /| €0

where c is the speed at which a signal must be emitted from r’ in order to
be received by an observer at r at a time .

r—r’

C

r—r’
c

Y

1 P (t/ B
— o0+ [ o

drey lr — /|

An alternative method of solving this by Fourier transforms is to transform
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both temporal and spatial coordinates, i.e.

/ / z(k~r—wt)
/ / z(k-rﬂ.ut)é(uj’ k)
G(w, k) = /dt/dSreZ kr=w)G(t, r).

The wave equation for the Green’s function is therefore

OG = 6(t)d(r)
(LT dw dgk piller—wt)
c? ot? 27 )3

31 2 .
/ / d pilkr—awt) <_w_2 + k;2> G(w, k).
c

Comparing the integrands, the transformed Green’s function is then

w2 — 02]{?2.

Taking the inverse Fourier transform, the original Green’s function is thus

Bk € i(k-r—wt)
2
¢ / / 3 w2 — C2k2
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Chapter 4

Integral Equations

4.1 Classification

An integral equation is one for which an unknown function appears under an
integral sign, i.e. an equation of the form

b
Of(x) = glz) + A / K (e 9) (y) dy,

where © can be equal to 1 or 0, g(x) is usually a given function, A is a
constant - possibly taking part as an eigenvalue - K is the kernel and f(y)
is the function to be found. It is usual to make a distinction between the
following cases:

1 If g = 0 the equation is homogeneous
2 If K(z,y) >0 for y > x (b — 00), it is the Volterra equation
3 a. If ©=0itis a Fredholm equation of the first kind

b. If © =1 it is a Fredholm equation of the second kind.

These cases are not mutually exclusive, i.e. a Volterra equation can also be
regarded as a Fredholm equation with b = co and having a special kind of
kernel.

A number of integral equations are equivalent to differential equations, i.e.
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Lg = f(z) & g(x) = [, Glz.y)f(y) dy
— Fredholm equation of the first kind (© = 0).

Lg=\g & g(x) =X [) G(z,y)g(y) dy

— Homogeneous (g(z) = 0) Fredholm equation of the second kind
(©=1).

o G = —a()P(t) & P(t) = P(0) ~ [ya(t)P(t') dt"
i

a>0,Pt=0)=1

— This is a Volterra equation.

Solution to quantum mechanical scattering (Lippmann-Schwinger):
U(r) = e*r + /G+rr Y (r') dr’

The latter three of these examples demonstrate cases in which integral equa-
tions are preferable to differential equations.

4.1.1 First Kind

4.1.2 Second Kind

4.2 Fredholm and Volterra Equations

4.3 Simple Cases

There are also numerous integral equations which are not equivalent to dif-
ferential equations. For example, consider an astrophysicist taking a photo-
graph of a galaxy cluster or a globular cluster of stars, then wanting to de-
duce the three-dimensional distribution of the stars from the two- dlmensmnal
photograph. The 2D photo has a distribution o(R) (where R = /22 + 4?)

as shown in Figure 4.1, which is essentially the 3D distribution prOJected
onto the z-y plane. The number of stars in an area dx dy is thus o(R) dx dy,
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where the 2D density function is given by the 3D density function p(t) (where
t = v R? + 22) integrated over its third dimension, i.e.

o(R) = /m pdz.

—00

This integral can be split into two integrals, i.e. [7 — fi)oo + /57, and since
the distribution is independent of direction these separated integrals must be
equal, thus ffooo — 2 fooo. The distribution is now of the integral equation

form (6 f(x) = g(z) + A [* K(2,9) f(y) dy):

o(R) = 2/000 p(t) dz

o dz

=2 /R p(t) i dt

= ip(t)
W VP-TIP
The independent variable R now appears as one of the limits of the integral,
thus it is a Volterra equation, i.e. f(t) = f; K(t,s)z(s)ds.

Considering instead low pressure gas flowing through a narrow tube, such
that the mean free path is much greater than the width of the tube so that
the rate of flow is only limited by the collisions between the molecules and
walls. When a particle hits the tube wall it sticks and is reemitted, then
leaving in a random direction at which point it may then be reabsorbed and
remitted in another collision. The tube is of length L and aligned along the
x-axis, as shown in Figure 4.2, where particles start from z < 0 at rate s(t).
Eventually each particle will leave the tube. Over a small length Az the rate
of arrival is given by s(z)Az, and that of reemission is taken to be V(x)Aux.
For equilibrium the input-output must be in a steady state, S(z)Az, plus
the additional rate of arrival from other portions of the tube’s surface, i.e.
satisfies

=2 dt.

V(z)Az = S(z)Az + /OL (P (|z —2'|) Ax) V(z')da'.

This is therefore a Fredholm equation of the second kind, i.e.

b
ot) = £(t) + A / K(t, $)6(s) ds.
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Figure 4.1: Representation of 2D photograph of galaxy or globular cluster
of stars.
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Figure 4.2: Schematic of a low pressure gas tavelling through a thin tube.
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The possibility of analytically solving an integral equation depends on its
form. It is useful to find how a function behaves as a parameter gets very
large or very small. Methods for solving integral equations include (but are
not limited to)

1. Degenerate (separable) kernels
2. Displacement (or convolution) kernels; limits of integration [—oo, 0o
3. Displacement kernel, limits of integration [0, z]

4. Reduction to a differential equation

4.3.1 Degenerate Kernels

Definition 4.1: Degenerate Kernel

A kernel is said to degenerate or separable if it can be written in

the form
N

K(z,y) = ¢i(x)¢i(y),

i=1
where N is finite and the functions ¢; and v); are linearly independent
but not necessarily orthogonal or normalised to unity.

The integral equation corresponding to a degenerate kernel can always be
reduced to a set of linear algebraic equations.
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Theorem 4.1

z)+ | K(v,y)f(y)dy

p N
D)+ [ 3 @)

D+36i@) [ b))y

J/

TV
Definition of dot product

N
(@) + ) ¢i(@) - (¥, f)
j=1
N
" (dh? %, +Z wza% 1/%
7=1

= fi :gi+ZKijfj0r
=1
f =g+ Kf,

where K is the kernel matrix.

Example 4.1

Consider the integral equation

f@)=z+ / (1 + 2) £ (3) d.

The parenthesised term is separable as it can be written in the form
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f(x) = A+ Bz, thus the equation is of the form
1
A+Bx:x+/ (14+2y) (A+ By) dy
0

1

:x+/ (A+ Azy + By + Bay®) dy
0

1

1 1 1
=z + |Ay + = Azy®> + ZBy® + - Bxy?
2 2 3 .

1 1 1
= Al S =Alap 5F =18 = =Bl
T+ +2 x+2 +3 x

Equating coefficients of 2° and 2! gives

750 A:A+%B —B=0
g': B=1+3A+3B — A=-2
= f(z) = -2

Example 4.2

Consider the eigenvalue problem

27
fla) =2 [ costa = ) ) dy,
0
the kernel of which is thus K (x,y) = cos(z — y). This is separable as

K(x,y) = cos(z — y) = cos(x) cos(y) — sin(x) sin(y).
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By inspection, f(x) = Acos(z) + Bsin(x), hence
Acos(x) + Bsin(z) = )\/0 ’ (cos(z) cos(y) — sin(z) sin(y)) (Acos(y) 4 Bsin(y)) dy

2w 2
=\ | Acos(z) / cos?(y) dy — Asin(x) / sin(y|] cos(y) dy — B cos
0 0

=\ | Acos(z) B (y + sin(y) cos(y))} 0“ — Asin(z)] -0 — Bcos(z) -0

= X (A cos(z) + Brsin(z))
= Acos(z) 4+ Bsin(z) = A (Acos(z) + Bsin(z)) .

If X #£ % then the only other solution is A = B = 0, all other solutions
must have A = %

4.3.2 Displacement Kernels

Equations Soluble by Fourier Transforms

A kernel of the form K (x —y) is said to be a displacement or convolution
kernel. If the limits are [—00, o] then the equation may be solved by a Fourier

transform. The Fredholm equation of the second kind utilises a convolution
kernel, i.e.

ﬂwzﬂ@+A[%K®—yV@My

The syntax of Fourier transform used in this document is given by
fla)= [ faeras
flo) =5 [ Faema
€Tr) = — [ .
T A q
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Taking the Fourier transform of the Fredholm equation then gives
F(f(x)) =F (g(rc) + A/Z Kz —y)f(y) dy)

= /(@) = §(0) + AK(0). [ (@)

= fla) = #f((q)’

This solution is unique provided 1 — AK(g) # 0. In order to obtain f(z) this
solution must be inverted.

Example 4.3

g(z) = K(z) = e~k a>0
= g(k) = K(k) = / e~elele=the g
() - 0
:/ e—(a+ik)|x| dl’—l-/ 6—(ik—a)\w| dz
0 —00
I S
Ca+ik a—ik
. 2a
24k

The transformed solution f(k) is then

. (&)
f(k)_l—/\<a22—fk2>
200
T2 —2hat k2

The denominator is non-zero and is solution is unique if a? — 2\ > 0,
which requires A < 5. Writing this as 3% = o® — 2)\a, inverse Fourier
transforming the previous solution gives the final solution by

ey o 20 _af 28 N a g
f(’f)—ﬁz+k2_ﬁ<52+k2)_5]:<eB)

= f(z) = % =l

B
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Equations Soluble by Laplace Transforms

If the kernel is of displacement form (K (x —y)) and the limits of integration
are [0,x], as in the Volterra equation, then the integral has the form of
convolution that appears in Laplace transform theory. The Laplace transform

~

f(s) is defined by

fo = [ fwrean

Theorem 4.2: Convolution theorem of Laplace transforms

Taking the convolution of a displacement kernel K(x — y) with some
function of the integrand parameter f(y), the Laplace transform L is
given by

L (/:K(m—y)f(y)dy> = /Oooe‘”/oxf((:v—y)f(y)dydx

= /OOO /yoo e K(z —y)f(y)drdy

= /0 ( /y es‘”)K(:v—y)d-fﬂ> e f(y)dy

-~

=K(s)

The Volterra equation is given by

£(@) = gla) + A / Ko - y)f(y) dy.
H4



Taking the Laplace transform of this then gives

f(s) = d(s) + AK(s) f(s)

~

sy G(s)
== TR

which is reminiscent of the solution to the Fourier transformed equations. As
before, in order to obtain f(x) one must inverse transform, this time using
the Bromwich integral, given by

Example 4.4

Consider the integral equation
f@) =2 [ @= s
0

Comparing to the Volterra equation f(z) = g(z)+ fo f(y) dy,
one sees that g(z) =z and K(x —y) = ( Y), thus

g(s) = / xe **dux,
0
K(zr—y) = / (—z+y)e *du.
0

In general L(t") = = —nl thus these become

R 1! 1
g(s) = S g2

%)



and hence the solution is given by
2 1 1 -
f(s) = 2 2 (s)
A 1
= fls) = s2+1
1 1
_ s—i_ sti
21
L") — L(e7™)
B 2
_ el e—iz
- 2i
= L(sin(z))
= f(x) = sin(z).

4.3.3 Problems Reducible to a Differential Equation

It is often useful to reduce integral equations to ordinary differential equa-
tions, however this is not always possible and so one must look for clues as
to whether it is possible, e.g. the kernel becomes simpler when differenti-
ated (polynomial) or the kernel moves into itself after being differentiated
enough times (trigonometric functions, exponentials etc). A useful result of
integration is the fundamental theorem of calculus:

% </0mh(x,y)dy> ~ )+

Theorem 4.3
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Example 4.5

Consider the same integral equation as Example 4.4:

o [ - dy.

f@)=a= [ @=sway

The differentials of this are then
af g L B B T L T d
- @ =1--0f@) - [ fod=1-[ e
L = f'(2) = — f(2).

This has a general solution

f(z) = Acos(z) + Bsin(x),
and since f(0) =0 —+ A=0and f'(0) =1— B =1, then

f(z) = sin(z),

as before.

. v

Example 4.6

Now consider the integral equation

f(z) =z + /Oxxyf(y) dy.

Using a rearrangement of this ([ yf(y) = f(“z_x) and Equation (4.1)
gives the first derivative as

%:fm=1+mﬂm+/2ﬂw@

=1+ 2°f(z) +—f(:v) — 7

= 2°f(zx) + @
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Solving this first order differential equation then gives the solution as
1 1
—df=(2>+=) dz
f x
1
In(f) = §x3 + In(x) + const.

3

= f(z) = Azes® .
Using the fact that f(0) =1 — A = 1, the final solution is thus

= f(z) = ze5”.

Example 4.7

Consider the integral equation

f(@) = A / ) dy = M(L - ).

This is of the form A fol K(z,y)f(y) dy, which has kernel values K =0
fory>1—z,y<0and K =1for y <1—x,y > 0. The derivatives
of this are then

4 = e = M-Dfa -0 = -3 (3 [ 1))
&= 1"2) = - Nf().
The general solution to this is
f(z) = Asin(Az) + B cos(Az).

It is known that f(1) =0 and f’(0) = —Af(1) = 0, thus A = 0. Also
f'(1) = —=Af(0), hence

—Asin(A) = =\
—sin(A) =1
:>)\:g+2n7r. n=041,42...
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Analytic solutions are not usually possible, however numeric methods are of-
ten easy and well-behaved. If the kernel is separable (or can be approximated
as a separable kernel) the integral equation reduces to a matrix equation. For
other cases discretisation is usually a good strategy, e.g. a Fredholm equation

of the second kind
b
+ [ K

can be split into N parts and evaluated at these discrete points, i.e. x; =
a+ ](b a) (x;) = f; and g(z;) = g;, giving

i = o(x) /K 9 F(y)d

b—a N—-1
~ g(zs) + ( ) K (2, u,)f (x;).

j=0

Defining K;; = 2=% K (z;,y;), then the solution becomes

N—1T
fimgi+) K
J

f~g+ KF.

4.4 Neumann Series Solution (Perturbation
Theory)

Sometimes the parameter A may be considered as small, so one might hope
to obtain a solution as a series of powers of A, e.g. the Born approximation
for scattering. Starting from the general integral equation form

f(x) +/\/ny y) dy,



integrating f(y) introduces a new function f(z), which when integrated in-
troduces another function f(a), ad infinitum, i.e.

@) = glo) + X [ Kw) s dy
~gle) 42 [ Ko (g<y> A [ K 2)56) dz) dy

= gle) 42 [ o) (g<y> 2 [ Ko (g<z> 2 [ K da) dz> dy

etc.

By generalising this to subscripts the solution to f(z) becomes an infinite
series, 1.e.

f(x) :g(ﬂf)H/K(rc,yl)g(yl)dyﬁV/K(yhyz)/K(yz,yg)g(ya)dyl dys+. ..

The question now is whether this sequence converges or diverges.

Assuming that g and K are bounded, i.e. |g| < gmax and |K| < Kpax, and
the ranges of the integrations are finite, one may obtain the upper bound on
each term by replacing g and K by their maximal values, i.e.

()] < g + M K max / dy;

+ AP K i Gmax / / dys dy,

+ AP K, i Gmax / / / dys dys dy
+ |>\|mKrTrylLaxgmaX // .. / dym dym_l e dyl

The limits thus far have been left undefined but are important. There is
an interesting difference when the Neumann series is applied to the Volterra
equation as compared to a general Fredholm equation.
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4.4.1 The Volterra Equation

Suppose that the lower limit of integration is zero with a generalised upper
limit, i.e.

/ dy; = / dy; = x
0
x Y2 T 3:2
//dyldy2:/ / dyldy2=/ dey2:?
o Jo 0
T Y3 Y2 z y§ :E3
///dyldyzdy3=/ / / dyldy2dy3=/ Edygzg
o Jo 0 0

//.../dyl...dyn:m.

8

Using these in the Neumann series solution, |f(x)| is thus

Therefore the Neumann series always converges for a Volterra equation with
bounded ¢g and K.
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4.4.2 Fredholm Series

Taking general limits of a and b, the Neumann series become

/dylz/abdyF(b—a)
//dyldygz/ab/abdyldyzz(b_a>2

b b b
//.../dyldyg...dym://.../ dyrdys ... Ay = (b—a)™.

As such, |f(x)| is given by

()] < Gmax + DA™K (0= 0) " gimax = > A" K (b= 0)™ G
m=1 m=0

This is simply a geometric series, thus it converges if the terms in the sum
are less than one, i.e.

IA| Knax (b —a) < 1

1
AN < 7.
~ ‘ ‘ = Krnax<b - CL)

If this condition is violated then the series may or may not converge - it
depends on the form of the kernel. If a solution to the integral equation is of
the form

f(2) = gla) — A / Rl y: Ng(y) dy

then it defines the so-called resolvent kernel, R(z,y; \).

Consider the Volterra equation

f(2) = glx) + A / " K (e ) f(y) dy
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and perform a Neumann solution

f(z) :g<w)+A/OxK(ﬂf,y)g(y)dy+A/OxK(%y) (A/OyK(y,Z)f(Z)dZ) dy
+)\/ K(z,9)g dy+/\/m <)\/;K(a:,y)K(y,z)dy) () dz

—i-)\/ Ki(z,y)g dy+/\/ Ky(z,2)f(2)dz,

where K1 (x,y) = K (z,y) and the “iterated” kernel Ky(z,z) = [ K(z,y)K(y, z) dy.
One may continue these expansions and form a general summation, i.e.

+ZX”/K ,9)9(y) dy + A /szxy)f(y)dy,

where

/K( dy_/Ka:z/Knlzy y)dydz

= / K(z,2)Kn1(z,y) dzg(y) dy

= Kn(xa y) = /K(Qf, Z)Kn—l(zv y) dz.
In terms of K, the resolvent kernel is given by
—AR(x,y; A Z A K (z,y)

= R(z,y; A Z)\le z,Y),

which holds if the series converges.
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Example 4.8

Consider the integral equation

£(2) = glz) + A /O 2y () dy.

Firstly one finds the resolvent for any g(z). The iterated kernels are
given by

Ki(z,y) = K(z,y) = zy;

Kg(:t,y):/o K(x,2)Ki(z,y)dz

= [(@tea:

1
= 2 TY;

3
1
KSZ/ K<I’Z)K2(Zuy)dz
0

_ /Ol(azz) <%zy) %

1

= ﬁxy;

1

K,, = g1 %Y-

The resolvent kernel is then given by

R(z,y;\) = = > A" Kp(2,y)
m=1

o0

== (o)
m=1
o] m—1
=->(5) =
m=1
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_ A ;
g, thus by the relation

This is a geometric series with a ratio r
m—o 7™ = 7%=, the resolvent kernel is
- T

€T
R(z,y:) = —7

>

Example 4.9
1

Now instead consider the general integral equation f(z) = g(x) +
= (2)7. Tnis

A K(z,y)f(y)dy with a kernel given by K(z,y)
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takes the form of a Volterra equation, thus the integrated kernels are

Ky(x,y) = /f K(z,2)Ki(z,y)dz

WRY
<E) dz
Y
1

Il
@\&
VR
SIS
~~_

[ V]

|-
—~
8
|
<
N~—
3
L
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The resolvent kernel is then

R(z,y; \) = — Z AN K (2, y)
Ny (2)
=2 (y) (m—1)!

%
— (E) AMey),
Yy

and so the final solution is given by

X

r@ =g+ [ (2) g an

Y

4.5 Summary

4.6 Hilbert-Schmidt Theory

Hilbert-Schmidt theory offers a general approach to Hermitian kernels, i.e.
those that satisfy

K(z,y) = K(y,z)".
The theory is based on the sets of eigenfunctions {u;} and eigenvalues {\;}
of the kernel, which are related by

b
wilz) = A / K (. y)uily) dy,

where K is required to be bounded (defined over a finite range). The main
result of Hilbert-Schmidt theory is that under certain circumstances these
eigenfunctions can be proved to exist and can be used as a basis to expand any
“source representative” function phi(z), which is to say that for a function
which can be written in terms of a “source” p as

b
olx) = / K (. 9)o(y) dy,
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Table 4.1: Methods for solving integral equations corresponding to integral

forms.

Condition

Method

Description

K(x,y) = Y0, ¢ix)(x)

Degenerate kernel

. Find form of separated

kernel
Use this form for f
Carry through equation

4. Equate terms of coeffi-
clent
5. Use to find f
* K d Displ t k |
f_oo (2, 9)f(y) dy ispacenent kerne 1. Take Fourier transforms

of all terms

Use f(k) = —14§§:2k)

Inverse Fourier result

Iy K(z,y)f(y) dy

Displacement kernel

W=

Take Laplace transform
F1 — _a(k)

Use f(k) = 1+k(s)

Inverse Laplace result

Neumann series
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the function ¢(z) is square integrable and the source p is not necessarily
unique.

4.7 Eigenvalue Problems

Provided the kernel K(z,y) is Hermitian, the eigenvalues are real.

Theorem 4.4: Eigenvalues of Hermitian kernels are real

For different eigenvalues the eigenfunctions are orothogonal.
Theorem 4.5: Orthogonality of eigenfunctions
Knowing that

(um Kum) - /\m<un) um)
(una Kum) = (Kuna um) = An(unaum>

the difference of these is then
0= (N — An)(Un, Up,).
Given that the eigenvalues are different, i.e. A, # A,, then (u,,u,,)

and thus the eigenfunctions are orthogonal.

. v

The source representative equation may be represented by a convergent eigen-
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function expansion, i.e.

ﬂw—/kwwmmw
= fle) = (w, Hiui(@).

i
The term source representative derives from electrostatics, in that the po-

tential can be written in terms of its source p, where the Coulomb potential
takes on the role of the kernel, i.e.

/
Pr) = 47360 / y: . 3/1 d
One can seek an eigenfunction expansion of the kernel:
K(z.y) =Y K (y)u()
= K(z,y)
= 3 Kipi),

which makes use of the kernel’s hermiticity. Using this expansion in the
eigenfunction equation gives

This is in the form of the Green’s function expansion for a Hermitian oper-
ator, i.e.

<mm=M%¢MM@=A/G@ww@My
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A Fredholm equation of the second kind is usually written

—i-)\/ny y) dy,

and may therefore be written as

f(2) - glx) = A / K (2, 9)f(y) dy

This may then be rewritten in terms of expansions, i.e. f(x) — g(z)
>, Calin (), where

b
> cutale) = X [ K Ge) 1 0)dy
—A/ny —g(y) +9(y)) dy
—A/K:vy —9())dy+A/K:ry) (y) dy

ZA/ K(z,y) ) cnttn(y dy+A/Kafy g(y) dy
[y b)) oo} -+ A Z“”

) SCHERSY gL



Comparing coefficients of u,, gives

Cn = )\in (Cn + (u'rug))
= Cp — m(un,g)

This can now be used to solve the integral equation:

@) = 9(a) = 37 52 (1. 9) w0

A b
= ; - A””/a Uy (y)9(y) dy,

however from earlier it is known that f(z) — g(z) = —A f; R(x,y; N)g(y) dy,
and so

R = 3 0

n

The solutions for R are finite provided |A| < ||, where )¢ is the eigenvalue
with the smallest magnitude. FOr any A the smallest denominator is A,
from which we can deduce that the Neumann series solution of the Fredholm
equation converges only for |A| < |A;|, the smallest eigenvalue.

Example 4.10: Find the resolvent f(z) = g(x) + )\fol xyf(y)dy

In order to solve this, one must first find the eigenfunctions satisfying

wlz) = A / (i)l Ay

The kernel is K (z,y) = xy, and so the eigenfunctions are

b
w(@) =\ [ ayu()dy

=z (Ai /a byui(y) dy)

= Cz,
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where C' is a constant, and so there is only one eigenfunction. The
corresponding eigenvalue is then

1
ui(x) = Co = )\1/ zy(Cy) dy
0

1
— )x/ Cxy? dy
0

1
= g)\lcl’

= A\ = 3.

Normalisation requires that the eigenfunction is unitary over this
range, hence

1
1:/ luy (2)]? doe
0

1
= / |Cz|? dz
0

1

— o
-lc
= |C| = V3.
The resolvent kernel is therefore
pto ey < i) _ (V3) (V3)
o A— A\ A—3

3wy
T A—3
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Chapter 5

Calculus of Variations

There are many problems in mathematical physics that require the minimisa-
tion of a function involving an integral of a function over some region. Some
examples of this include:

e Hamilton’s principle (mechanics)
A mechanical system described by coordinates ¢;(t) follows a trajectory
¢?(t) which makes the action stationary, i.e.

ty
S = / (T —V)dt,
t;

where 7' is the kinetic energy and V' is the potential energy. These are
expressed in terms of ¢;(t) and ¢;(t).

e Fermat’s principle (optics)
A ray of light passes between two points whose travel time is given by

T:/%:%/nds.

n

e Electrostatics
Finding the minimised electrostatic potential energy U by using ¢(r):

€0

U= s (V) d®r + / p(r)o(r) d3r.
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These examples all involve a functional of some function.

Definition 5.1: Functional

Akin to how a function f(z) takes a variable argument x to output a
number, a functional F[y] takes an function argument y to output
a number, where the square bracket notation is used to distinguish
between functions and functionals. Phrased more formally, a functional
maps a function onto a number. Definite integrals are examples of
functionals, i.e.

Example 5.1

Consider a functional over a range [0, 7] given by

- [ " y()ds,

then some function values give functional values

y(@) | Ily]
sin(z) | 2
cos(z) 02

5.1 Functionals

5.1.1 Stationary Points and the Euler-Lagrange Equa-
tion

A stationary state of a function is the point at which the function does not
change under small variations in its argument, i.e. taking + — = + dx then

5



f(x) = f(x)+df(x) and if § f = 0 to first order of dx the point is stationary.
These stationary states are paramount for functionals.

A functional has a stationary point for any function y such that a small
change y(z) — y(x)+e(x) leads to no change in I[y] to first order in (). The
smallness of (z) only implies that as a function it is uniformly (everywhere)
close to zero, but may vary arbitrarily. One may identify stationary points
as those at which the first terms vanish, regardless of choice of the small
quantities {g;}.

For a functional F[y(t)], replace y(t) by y(t) +(¢) and expand to first order
in e:
Fly(t) +e(t)] = Fly(t)] + /€(t)A([y], t)dt + O(e?).
One can then identify
oF
A(lyl,t) = ——=
(0= 5o

as the functional derivative of F' with respect to the function y(¢). An im-
portant class of functionals is given by

b
mez/fw%mm: (g = )

One may now calculate the functional derivative of this:

b
Fw+d=/f@+aw+&@®

b 0 0
= [ 1) +e@) e g

b9 ar1”” [ a4 o
:F[y]+/ag(x)a_;tdx+{€0_y]:6]a_/a€@8yi dr + O(e?)

B b of d of of1°
= £l +/a “(z) (@ Cdw 8%;) dot {E é’yj

a

+ O(e?) dw

Often the problem is to minimise F', subject to given values y(a) and y(b),
hence the preservation of these boundary conditions imples €(a) = €(b) =
0. Since e(x) is allowed to vary arbitrarily, the integral is only zero if the
quantity multiplying ¢ is zero at every point x, though one may choose € to
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peak at a particular value of x. Therefore for the functional to be stationary
all terms proportional to € must vanish, hence

which is the Euler-Lagrange equation.
Notes:

e Often the explicit dependence upon x is not written, but it instead
assumes that the reader understands that it is a functional equation

e One uses the functional derivative location ‘%—Ly] for the term in the

functional /[y + dy| proportional to dy:

Ty 6ol = 11+ | dmay<s>5f5—£f]<x> "

e The functional is NOT an integral, e.g. the functional I[y] = y(0) can
be turned into an integral by inserting a delta function:

Example 5.2

Suppose that one wished to find the shortest path between two point,
x =a and x = b, in a plane. One must minimise the path length L in
terms of a norm infinitesimal (ds)? = (dz)? + (dy)*

I

b
:/ V1+yide.

From here minimisation requires the form of y(z). For a general func-
tion the Euler-Lagrange equation is given by MTM = 0, thus sdf

7



However, as f does not explicitly depend on y then 22 = 0 and so

9y
_d(9rN_,
dz \dy,)
%Of:

9y,
Ya

@

B 1
Y=\ e

Since all terms on the right side are constant, set equal to a general
constant, m. Therefore

dy

— =m

dz

=y =mx +d,

where the constants m and d are chosen to suit boundary conditions.
One should note that this is the classic equation for a straight line
between two points.

5.1.2 Special Cases
No explicit dependence on y

If f has no explicit dependence on y then g—g = (0 and so the Euler-Lagrange

equation reads <& 21 ) = (, which results in 2L = constant, ie. 2L in
dz \ 9y, 0y, 94

Lagrangian dynamics.
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No explicit dependence on =

If f(y,ys;2) = f(y,y.) then there is no dependence on z. As such the
derivatives become

df _of of of

de Oz Tl oy + Yoo 0y,

af> af

= f —yxg—f = const.

5.2 Fermat’s Principle

Fermat’s principle of geometrical optics states that light always travels be-
tween two points along the path that takes the least time. Equivalently, light
takes the shortest optical path which implies Snell’s law.

The time t to travel along an arbitrary path y(z) at a speed c is given by

tly] :/%ds

= %/n(w,y) ds
— [ VI

or in terms of path length p;

plyl = /n(y)\/l + y? daz,

=f(y,yz)

which has no dependence on z. The equation for the special case of no
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x-dependence is thus

o ofF 3 n(Y) Yz
f=Ya oy n(Y)V1+ Y2 = ys <—\/Tyg>

- (i)

NAERT:

n(y)

V1+y2

To interpret this geometrically draw a triangle, as shown in Figure 5.1. From

ds dy
dx
Figure 5.1

1 d—a: = 1 dﬁ pu— 1 i ==
the diagram one sees that §% = sin(f) and G T hence n(y) sin(0)

const., which is Snell’s law.

5.3 The Brachistochrone

The term “brachistrochrone” derives from the Ancient Greek brakhistos
khronos, meaning shortest time. In physics the brachistochrone is the curve
along which a particle slides the fastest between two points under the influ-
ence of gravity. Let the ends of the path be at (0,0) and (zf,ys), with the
particle starting from rest. The time of descent T at a constant speed v is

given by
B B B
1
T:/ dt:/ ﬁds:/ —ds,
A A ds A U
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which is what is to be minimised. From energy conservation %mv2 =mgy =

v = +/2gy. As before with Fermat’s ds = /1 — y2dz, and so

ﬂM@%=/j%M1+%¢m

where the factor of 2¢g has been ignored because it [...]. As with Snell’s
law n = \/ig, and so \/Lysin(e) = \/ia (const.). Therefore y = csin?(f) =

3¢ (1 — cos(26)). Working through the algebra one then sees that the solution
is a parametrised equation of a cycloid:

dr dx dy

g~ dy do
= tan(#) - 2¢sin(6) cos(0)
= 2csin?(f)

= ¢ (1 — cos(26))
N (9 _ %m(ze))

¢ (26 — sin(26))

N =N =

=y =—c(1—cos(20)).

5.4 Generalisation to more Functions and Vari-
ables

5.4.1 Generalisation 1

So far the only functionals encountered have been of the form

b
o1y =5/ F(y,yz; x)dx =0,

however this is not necessarily the case. Consider the problem of minimisa-
tion but with one end free (unconstrained), i.e.

b
sz/fm%mm,
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where y(z) may be chosen freely for z > a, including x = b. Previously the
substitution y(z) — y(z)+¢(x) was made, then the functional was expanded
to first order in € with the condition €(a) = £(b) = 0, however now there is
no boundary condition for £(b).

From before

b
of A 9of 1) o,

Fly+¢] = Fly] +/ab (@ % 8ym> edr + {5@) Ay,

a

and from the Euler-Lagrange equation this becomes

Fly+e = Flyl + ) 57 () - =(@

(a).

0y,

However, £(a) = 0 and so

of

Fly+¢e] = Fly] +<(b) o

(b)-

For y =0, F[y] = 0 as a boundary condition, hence

aof
0y,

Fl0+¢]=¢(b) (D).

For this to be a stable solution F[y + ¢] = 0 and so

af
0y,

e(b) =L () = 0.
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Example 5.3

Reconsider the brachistochrone problem, instead with y¢ free to vary.
Now the boundary conditions are
0
7~ o
= L% _ 0
VIVI+y2
dy
= —=0atz=
1 Al ap = ap
T
== 5 G5 an = g
1 ) 1
ST = e (26 — sin(26)) = 5@(7? —0)
N 2
c= —zy.
- f

5.4.2 Generalisation 2

If there is more than one variable {y;}, i.e.

Fl{y}) = / (i o} 7)o,

then one must instead look for a stationary point with respect to all y;. The
ends are fixed for this. Generalising the technique used thus far must be used
on each variable, i.e.

oF _of d[fof)_,
Sy; Oy, da \dy, )

There are many examples of this in mechanics.
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5.4.3 Generalisation 3

If F is the functional of a field, it may depend on multiple variables, i.e.

Fly] = / Fb, Vs ) P,

where F'is the free energy, f is the free energy density and v is the condensate
wavefunction, e.g. f = %%|V@/}|2 —a(T)|Y]* + b(T)||*. Some examples of
this include

e Derivation of field equations in electromagnetism

e Gravitation from an action principle

5.5 Hamilton’s Principle

Definition 5.2: Hamilton’s principle

Hamilton’s principle or Hamilton’s principle of least action is
a general principle that states that the dynamics of a system evolve as
a stationary point of the action functional & given by

s [ 1 a0,40) a,

t1

where L is the Lagrangian of the system.

.

For a scalar field ¢(t,r):

/[d)] I//\A«b, V(b,%;tr)j dr dt.

TV
Lagrange density

J/

~
Lagrangian

This can be rewritten with (%, V¢> = 9,0 and (t,r) = 2# — dt &°r = d*a:

/[¢] = /A (¢, 0405 ) d*a.

84



In order to derive the new Fuler-Lagrange equation, consider a minimalisa-
tion problem again with ¢ — ¢ + d¢:

02 1, (5%&))) o fron, () o
= [ ¢ (%au (8(226))) d4x+/a <5¢ 50 m)) d49i.

These are surface terms
which are unimportant
for field equations.

To first order in d¢, ds = 0 thus the Euler-Lagrange is
bs_on ,( on )
0op 09 : 8(@@5)

Example 5.4

Describe the motion of an elastic stretched string with fixed endpoints,
assuming a small deformation.
The kinetic energy T} is given by




As before, the deformation ds is given by

(ds)* = (dz)” + (dy)”

- (1 + <%>2> (dz)*

=ds=+/1+y2dx

1
~ (14292 ) do
(1+3%)
for small deformations. The work done in stretching the string is pro-
prtional to its tension 7

dW =T (ds — dz)

1
The potential energy V' is then
b1
Vy] L/ STy} dz.
0 2
The Lagrangian is therefore
L 2 2
1 [0y 1 Jy
L=T, -V = sl ) =375 ) deo
k /0 2“(at> 2 (ax> ’

J/

Lagrange density, A
By the new Euler-Lagrange equation

gs 9A 0| oA o | oA

by oy ot | ,(0y\ | dx| . (0y -0
ot Ox

o [0y 0 dy

0=0+pu= (P Z (1%
+M3t <3t)+8:p< ax)
Functionals that dep#yd orf3d#tmd derivatives and higher can be treated by
very similar metiodgm Thepepgeen previously, however more integration by

arts is necessarv to obtain the Fuler-Tacsrance equation
(=) O ey

Therefore
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Example 5.5

Consider a flexible bar clamped at one end (z = 0) with a transverse
force applied to the other end (z = L). From being clamped, the
boundary conditions are y(0) = 0 and y,(0) = 0. The potential energy

U of the bar is .

1 2
b= K. | el an

curvature

The potential energy is minimised when du = 0 (equilibrium). One
can now derive the Euler-Lagrange equation at the free end:

1 L
SUfy) = 5K /O 0 (Yzz) dz + Way(L)
1 L
0

= K 53/1( )ym( ) — 5y( Wezz(L) — 0yz(0) ... + 53/(0))

+K/ oy (z d:l:+W5y( )

From the coefficients of dy(z), the Euler-Lagrange equation is

4
o _ &y
oy dat

From the coefficients of dy(L) and dy,.(L) one can read off the boundary
conditions:

0y (L): Ky..(L) =0 = (L) = 0.
Integrating the Euler-Lagrange then gives

= 0.

y = 6A2® + 2B + Cx + D,
however y(0) =0, y,(0) = 0 and so C' = D = 0, thus
y = 6A2® + 2B2? = 0.
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From this B = —3Ax, and so
Yoz (L) = % | yue(L) = B = —3AL
6A="Y%
=A=2 .

5.6 Constrained Variational Problems

There are often subsidiary conditions on a minimsation problem, i.e. min-
imising a value provided other conditions are held. For example, one might
wish to minimise the functional (61), = [ %5% dz = 0 provided dy.. satisfies

the constraint (6.J), = [ g—; dy.dz = 0.

A major example of the usage of constrained variational problems is in quan-
tum mechanics when attempting to find the energy of a particle, requiring
that it is normalised, i.e.

I[¢] = / pH¢dz, provided
)= [lof de =1,

To find the stationary points f(z) subject to constraints gy(z) = ¢ (k =
1,2,...), it may be possible to solve an auxiliary problem. One now attempts
to find the stationary points of the modified function

F(x, A1, Ag,-.0) = f(2) = Mgi(z) — Aagalz) — ..,
where ); are Lagrange multipliers.
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5.6.1 Lagrange’s Undetermined Multipliers

Definition 5.3: Lagrange multipliers

In mathematical optimisation Lagrange multipliers are used to find
local maxima and minima of a function.

The solutions, if they exist, depend on A, i.e. y(x, \) with A chosen such that
Jy(z, A)] =c

Proof 5.1

Take 6k = [ %53; dx = 0, which must also satisfy for dy.:

(6h). = [ 5 oedo

:/gxéycda: /—5?ch$~
—_——

=0 by constraint

(01), / 0y.dx = 0,

which is the initial problem to be solved.

One now has

5.7 The Isoperimetric Problems

Definition 5.4: Isoperimetric

Deriving from the Ancient Greek prefix iso-, meaning equal, and suffix
-perimetros, meaning the length of a boundary, the term isoperimet-
ric relates to shapes with the same length perimeter. In mathematics
this is applied to problems of finding plane figures with the largest
possible area, provided the boundaries have a specified length.

89



Example 5.6: Maximise the area of a region in the zy-plane

whose boundary has a fixed length L

Parametrising the problem into z(¢) and y(t), where ¢t € [0, 1] is the
fraction of the total path subtended. As the shape must be closed
z(0) = z(1) and y(0) = y(1). The area S and length L of the shape

are given by
1
Slx, y] :]{ydx:/ y dt
0
Lz, y] :%\/de%—dyQ
1
[ v
0

= Ly = const.
Introducing an auxiliary functional G|z, y] such that

Glz,yl =S — AL

1
:/ yi — A\/22 + 2 dt.
0 A ~~ g

=9(y,9;%)

As g(y, y; ©) has no explicit dependence on z then % = 0. The deriva-
tive with respect to 7 is given by

09 _, M
o T P

= (@-9) =

The Euler-Lagrange equation for y is then

5G ag d (@)

oy 9y dt \9y

= @ (const.)

SO ) N
U -l
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Integrating this with respect to time, then

AY

r + ———= = P (const.)
V2 + 9?2
\i
=P —-z= Y

Vel

By the chain rule the ratios of the rates of change in y and z is then
the rate of change in y with respect to x, hence

y’_%__P—x
& de Q-y

Performing the appropriate integrals then solves the equation:

J@-vay=-[P-2)a

S (Q-y=—(P—af+ R
= (P-z)’+(Q—y)?’ =R,

which is the equation of a circle centred at (P, Q).

5.7.1 Generalisations of functionals

There may be multiple constraints, i.e. J;[y] = ¢;. In order to solve this,
introduce an auxiliary functional K:

K([yl,\) = I[y] - ZAZJi[y]

and then solve 0 K = 61 —\dJ = 0. There may also be a family of constraints,
ie. J([y],a) = c(a), wjere a varies continuously. In this case the auxiliary is
then



Example 5.7

Consider a pendulum moving under gravity with constraint r(t) = R,
where R is a constant. The action S for an unconstrained particle
would be given by

1 1 ]
Sr,¢] = / §m7'“2 + §mr2¢2 + mgr cos(¢) dt.

Taking into account a constraint, the modified action S will be

Sr,¢] = /%mﬁ2 + %mrzdp + mgr cos(¢) — A(t) (r(t) — R) dt.

The Euler-Lagrange equation in r for this modified action is then
0§ oL* d oL
or Or dt or
- d
S (0 + mre¢ + mgcos(¢) — )\> — — (mr)

= mré® + mg cos(p) — A — mi.

For a minimum this must be equal to zero, and hence one forms an
equation of motion:

mi = mr¢® + mgcos(¢p) — .
N ——— ~
centrifugal  projection of weight pefl?ilhslll(l)rgl lﬁ)d,
force along the rod

constraining r
to be R

The parameter A(t) is chosen such that the constraint is satisfied, i.e.
r(t) = R thus 7 = 7 = 0, hence

= \ = mr¢? + mg cos().
The Euler-Lagrange equation in ¢ is
68 oL d oL
d¢p 0 At 9¢
= —mgrsin(¢) — % (mr%ﬁ) .
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Again, at minimum this must be equal to zero and so

d .
W <r2¢> = —grsin(g).
From the constraint »r = R — 7 = 0, and thus

R’¢ = —gRsin(¢)
= ¢ = 7 sin(¢).

Example 5.8

Consider an isperimetric problem in terms of an arc length S € [0, L],
where L is a fixed value of path length. The are enclosed by the path

is .
j{ydx—/ %ds

where the functions z(s) and y(s) are not independent, i.e.

dz\ 2 2
AN A
ds ds

The auxiliary functional is then

S[:z:,y]:/ yj—j—A(s)((i—f)2+(%)2> ds.

N J/

-~

=9(y,25,Ys;8)

There is no explicit dependence on x so

dg

—= =0

ox

99 =y — 2 \x, = () = const.
ox

S
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The Euler-Lagrange equation in y is then

605 dg d dg

Sy dy ds Oy,

d
—z,— — (=2)\y,) .
7 ds( Ys)

As before, for this to be minimised set it equal to zero:

d
L — (2)\.) =0
x+d3( Ys)

r = —2\y, = P = const.

Using the equations for P and @) to get

r—P =2y, Ys dy

y-Q 2x, oz, do

= (r—-P)dr=—(y—-Q) dy
(x—P)dz+(y—Q)dy=0

= (v — P)+ (y — Q) = const. = R?,

which is again the equation for a circle.

Consider the problem of finding the stationary point of a certain functional
of the form

b
1161 = (0.16) = | &' Loda,
where L is Hermitian, i.e. L = L. This system is subject to a constraint
b
o) = (6.00) = [ & poda,

where p is real and non-negative. Taking the auxiliary equation K[¢] =

94



I[¢] — AJ[¢] which must satisfy 0k = 0] — AdJ = 0 then

0K =01 —XoJ =0

b b
— [sL) dr=x [ 56p0) o
— [s)Lode+ [ 0156) o= [ 5(0)podn -2 [ 65 (6) ds
b
= [ 667) (L6~ apo) + (6L = 279) (50) .

For this to be zero it would be easiest if the coefficients of d¢ and d¢* were
equal but d¢* = (d¢)" and so there is no guarantee that they will be inde-
pendent functions. Instead using

F00* + g6 =0

and expanding §¢* as real and complex components, i.e. d¢ = du+idv and
0¢* = du — idv, then now there are usable independent functions du and dv.
Therefore

F60* + gd¢ = f (Su — idv) + g (Ju + i6v)
= (f+g)ou—i(f—g)ov.

These were the coefficients of d¢* and d¢ so it is as if d¢* and d¢ could be
regarded as independent. Within the integral one now has

J=Lo—App=0— Lo = \p¢;
g=(Lo)" = Xpp" =0 = (Lp)" = A\pg”
— Lé = \*po.

The two equations in A are consistent for A\ being real, which is true for
Hermitian operators, which is what was assumed. If the operator L were not
Hermitian then the equations may be inconsistent, so the trick of regarding
0¢* and ¢ as being independent is only true in the Hermitian case. If L
is the Sturm-Liouville operator there is an infinite number of solutions, i.e.

A=, AL,
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5.8 The Catenary

Definition 5.5: Catenary

Deriving from the Latin catena, meaning in relation to a chain, the
catenary problem in mathematics concerns a chain or inextensible
rope being fixed at either end and allowed to hang freely.

5.9 The Rayleigh-Ritz Method

The Rayleigh-Ritz method is used to calculate the smallest eigenvalue of a
Sturm-Liouville equation, i.e. equations of the form

Lug = Aopuo,

where )\ is the smallest eigenvalue. Taking the scalar product of both sides
with the eigenfunction wuy

(uo, Lug) = (ug, Aopug) = No(uo, puo)
(uo, Lug) — Ifug]
[u

= A = !
° (U0>,0U0) J 0].

This suggests that one should study the functional of the form

— I
Kl¢] :J—¢,

—

where the overline has been used to distinguish the functional from a kernel
and ¢ is a general variable which satisfies the same boundary conditions as
ug. ¢ can be expanded in terms of the eigenfunctions u,,, i.e.

o(x) = 3 cutia(),

n=0

96



where Lu,, = A\yu, and (u,, pu,) = 1, i.e. p is normalised. From earlier, one
can use the form to find I[¢];

S el =S el
n=0 n=0
with equality holding for ¢,, =0V n # 0, and J[¢];

J[¢] = (&, p9)

[eS)
= Cp Uy, PCR U,
n=0
00
2 %
= lenl*uspun
n=0
oS
2
= § [
n=0

The functional then becomes

L L) D D [
K= > = \o,
J(g] ZTOLO=0|CTL|2 °

and thus by inserting any ¢ into K gives an upper bound on the smallest
eigenvalue. This is to say that if one were to choose some ¢ which depends
on a variable x and a set {«;}, i.e. [¢(x,{;})], then

K[p(z,{o})] = c({ai}) > Ko.

The Rayleigh-Ritz method is to choose the parameters {«;} such that it
minimises x({a;}) and providing a close upper limit on Ao.
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Example 5.9

Counsider oscillations on a circular drum head of radius 1. The trans-
verse displacement u obeys the scalar Helmholtz equation, i.e.

V2u + k*u = 0.
This is subject to boundary conditions u(1) = 0 and u(0) is finite, i.e.

the rim is fixed and % # oo at the centre. In polar coordinates, for
u=u(r)

From this one sees that p(r) = r, and so

td d bord
I[u]:—/ UE(Td—:J) dr=— [.]g +/T(§> dr
0 0 by b.c.’s 0

1
Ju] :/ ru? dr.
0

Making a trial function that satisfies the boundary conditions of u(r) =
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1 — r%* where a > 0, then

/1 (du> /
== T e —
0 dr ) :/ r(1—r* 2 dr
1
d 0
:/ r(— 1—r ) dr
0 dr :/ 2a+1+r4a+1) dr
1 0
= i r( 2022~ 1) dr 1 p 02042 dat?
O 2 2a+2+40z—|—2 ;
= 4o r r
0 _1 i 1
2 2a+2 4o+ 2
4a o?

(a+1)2a+1)
Therefore

B Iu] B «
== -
[u] ((a+1)(2a+1))

In order to find the smallest eigenvalue, find the turning point of this
functional, i.e.

1
=2a+3+ —.
«a

dK 1 1
) P =44/ =.
da 042:>a 2

Using this one can estimate the smallest eigenvalue:

K§<K<a:%)

2
<——4+3+V2
V2

< 2v/2 + 3 ~ 5.828.

The true solution to the problem is a Bessel function whose value is
K2 = 5.783, thus the simple trial solution gives a good approximation.
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5.9.1 Application to Quantum Mechanics

5.10 The Completeness Theorem for Hermi-
tian Sturm-Liouville Operators
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