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Chapter 1

Introduction to Plasma Physics

1.1 What is a Plasma?

There are three main definitions of a plasma:
1. (Physics) An assembly of electrically-charged particles;
2. (Haematology) A constituent of blood;
3. (Geology) A type of geological rock.

In 1879 Crookes coined the first definition of plasma as a fourth state of mat-
ter - an extension to the pre-existing three states of gas, liquid and solid -
though not directly naming it a plasma. The term “plasma” was initially used
in a physical context by Irving Langmuir in the 1920’s due to the amorphous
nature of the matter being reminiscent to that of blood plasma. Investiga-
tions of electrical discharges date back to the 19" century, with scientists
such as J. J. Thompson being involved in such.

Definition 1.1: Plasma

In modern physics, a plasma is defined as a quasineutral (macroscopi-
cally neutral) gas which consists of charged and neutral particles that
exhibit collective behaviours.




1.2 Abundance of Plasmas

In day-to-day life we do not intuitively believe that we encounter plasmas
very frequently; we breath gaseous air, drink liquid water, eat solid food
etc. However, on a universal scale plasmas are actually quite common; they
appear as stars, magnetospheres and ionosopheres of planets, nebulae etc.
As a result of these, around 99% of all visible matter within the universe
is in the plasma state. In fact, even in every day life we encounter plasmas
more often that at first glance; flames are often in the plasma state, as are
arc discharges produced when pulling an (older) plug out of a socket without
first turning it off.

1.2.1 Natural Plasmas

Most natural plasmas occur either in outer space or on the boundary with
space, hence include:

e Stars, including our own sun;
e Nebulae;
e Interstellar space contains a very dilute plasma;

e Magnetospheres and ionospheres of planets.

1.2.2 Laboratory Plasmas

Plasmas are extremely useful in a number of laboratory settings, including
e TOKAMAKS used to control thermonuclear fusion reactions;
e Laser-created plasmas;

e Technological plasmas for materials and semiconductor processing.



1.3 Notation and Units

One should note that older (and some contemporary) papers and textbooks
use CGS (centimetre-gramme-second) units. It is also useful to note that
there are two categories of CGS units: electromagnetic units (EMU) and
electrostatic units (ESU) - within each of these there are several subcate-
gories.

Notation used in plasma physics often has super- and subscript letters, such
as ‘e’, ‘i’, ‘n’ and ‘a’, which respectively denote electrons, ions, neutrals,
atoms etc. For example, n. represents the plasma electron number density,

which is the number of electrons per unit volume.

Temperatures in plasma physics are referred to in terms of atomic energy
units, i.e. electronvolts, eV. The way in which this is calculated is from
equating one electronvolt with the thermal energy (kgT);

1eV=1602x10""J=kg [JK']-T [K].

As a result;
1eV = 11,600 K.

1.4 Statistics

Electrons and protons both have half-integer spins, and so are fermions,
hence in principle a plasma should obey Fermi-Dirac statistics. In practice,
however, the occupancy of the states is sufficiently low that most plasmas
are well-described by Maxwell-Boltzmann statistics. There are a few excep-
tions other than cases in which a plasma is in an extreme state, for which
Fermi-Dirac statistics must be used. As a reminder, the Maxwell-Boltzmann
distribution for velocity is given by

m 2 _ mov?
fv (’UI,Uy,UZ) = <27T]€BT) € %BT7

and for speed it is

3
2

muv

f(v) = 4m0? (2 ?T) e BT,
TRB
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From these distributions one can calculate the

e Most probable speed (peak of distribution curve, i.e. derivative = 0):

2UenT 2
v|%f:0= = 3

e RMS speed:

\/W:/qﬁfdv

 (3ksT\?
- (=)

(v) = / vf dv
[8kpT\?
U '
Proof 1.1: Approximating RMS and mean speeds

For most situations the RMS and mean speeds are very similar values
as % s % ~ 3, so being able to quickly derives one gives a decent ap-
proximation for the other. By setting the kinetic enery of the particles
within the plasma to the thermal energy of the particles, given three
degrees of freedom;

e Mean speed:

1 5 3
= = —kgT.
5 5 "B
Hence, by approximating the RMS to the square root of the squared

velocity:

_[3ksT
— /=




1.5 Ionisation

It is possible to have partially ionised plasmas, with the amount of ionisation
being described by the degree of ionisation.

Definition 1.2: Degree of Ionisation

The degree of ionisation (Dol) is the proportion of ionised particles,
n;, to the total number of particles in a gas, n;, which is given by
1

n4
Dol = = = .
Ny Ng + Ny

When all atoms are ionised, i.e. n, = 0, the degree of ionisation is
equal to 1 or 100%, whereas if no atoms are ionised, i.e. n; = 0, then
the degree of ionisation is 0 or 0%.

\.

The Saha ionisation equation, also known as the Saha-Langmuir equation,
describes the equilibrium conditions for chemical potentials in that it relates
the ionisation state of a plasma to its temperature and pressure. The equation

is often written

3

. . 2 ey

nine _ ( Yige 2rmkgT G_ICIBLT’ (1.1)
Ng Ga h?

where all symbols take their usual meanings, V; is the ionisation potential
and g; ., are the statistical weights of ions, electrons and atoms respectively,
which effectively corresponds to the number of available quantum states.

10



Chapter 2

Time and Length Scales

2.1 Plasma Frequencies

The plasma frequency (or electron plasma frequency) is denoted f, and
the angular plasma frequency - often also called the plasma frequency - is
denoted w,,, where

Wy = 27 f,.

Definition 2.1: Plasma Frequency

The plasma frequency is the natural frequency at which electrons
within the plasma oscillate.

and the Lorentz force law for a particle in motion is

F=q(+vxB).

11



Finally, the equation of continuity for a plasma in terms of its density
and velocity is given by

om+ V- (nv) =0. (2.2)

By linearising the number density and velocity into ambient and per-
turbation components, i.e. of order 0 and 1, respectively;

n=mng+mn

V = Vg + Vy.

Expanding Equation (2.2) and separating according to perturbative
order, one obtains three equations:

Order Equation
0: Ong =0 (2.3.1)
1: Oy + V- (ngv) =0 (2.3.2)
2: V- (nyv) = 0. (2.3.3)

From these one sees that the equilibrium plasma density is constant
(Equation (2.3.1)) and that the perturbation current is uniform
(Equation (2.3.3)), however Equation (2.3.2) is a modified continuity
equation which can be used to further investigate the dynamics of the
system.

Furthermore, by considering the linear and convective accelera-
tions for electrons as a result of a perturbative charged beam, one
derives the relationship of forces within a driven plasma as

v+ (V-v)v=——(£+vxB). (2.4)

By implementing the linearisation and separation methodology to
Equation (2.4), one obtains two equations:

Order Equation
1: v = < (2.5)
m€
e
2: . =—— B).
(V-v)v . (v x B)

12




Taking the divergence of Equation (2.5) and substituting in Equa-
tions (2.1) and (2.3.2) gives

Un 62

3t2n1 = — n.

me €o

One can now see that the system is a simple harmonic oscillator, of

the form
F 4+ w?z = 0.

The plasma frequency is therefore given by

ngpe?
Wy = .
P Mme€o

Examples
Plasma ne m=3 | f, [Hz
Tokamak 1019 2.8 x 1010
Glow discharge 101° 2.8 x 108
Tonosphere 101t 2.8 x 10°
Solar wind 5 x 106 2 x 10

2.2 Cyclotron Frequencies

Plasmas can either have an external applied magnetic field, known as a mag-
netoplasma, or not. Particles in magnetoplasmas oscillate the cyclotron
frequency.

Definition 2.2: Cyclotron Frequency

The cyclotron frequency describes the orbits of a charged particle
in a magnetic field.

13



_ 4B

m

Theorem 2.2: The cyclotron frequency, w., is given by w. =

For a charged particle to remain moving along a circlular trajectory,
the centripetal force must be equal to the force exerted by the magnetic
field, i.e.

TI’L’U2

— =q|vB.
rL

The Larmor radius, r, is given by

muv

g, = ——
lq| B

Furthermore, calculating the frequency of the orbits by

fo v

2rr

then the cyclotron frequency, w,, is

B
wc:27rf:q—.
m

This equation can be extended to include relativistic effects, resulting
in the cyclotron frequency being given by
qB

we=2nf =—.
ym

\.

Examining the equation for the cyclotron frequency, one sees that increasing
the magnetic field increases the frequency at which the particle orbits the
field. Furthermore, electrons have much greater cyclotron frequencies than
much heavier ions due to their significantly smaller masses.

Examples

There are potentially different ions present in both TOKAMAKSs and iono-
spheres, so for the purpose of simplicity it is assumed that TOKAMAKSs use
2D and ionospheres are °O%, as well as the particles having energies low
enough that the assumption v = 1 can be taken.

14



Plasma B [T] | fe [Hz] | fa [Hz]
TOKAMAK 5 8.8 x 10 | 2.4 x 108
Ionosphere | 107° | 1.8 x 106 60

2.3 Collision Processes in Plasmas

If an electric field, E, is applied to a plasma of electrical conductivity o then
the electrons begin to flow and produce a current density, J, which is given
by

J=0E=—,
n

where 7 is the electrical resistivity. It is also possible to relate the current
density to the drift velocity of the electrons, v, and the drift velocity of the
ions, v;;

J = —n.ev, + nzev;

R —MNeEV,.

The current density contributed by the ionic term is usually negligible as the
mass of the ions is so much greater than that of electrons and hence v, > v;.

Assuming that the electric field is suddeny removed at a time ¢ = 0 then,
without a field to sustain their velocity, the drifting electrons will gradually
slow as a result of collisions within the plasma. The characteristic time
constant, 7., is the electron momentum relaxation time or electron collision

time. The collision frequency, v,, is given by v, = Ti

The mean free path, Ay, is given by
/\mfp = UrmsTe-
For a plasma to be described as “collisional” then the linear size of the plasma

must be greater than the mean free path. If this is not true then the plasma
is described as “collisionless”.

15



2.4 Electrical Shielding and the Debye Length

Whilst all plasmas are ionised gases, not all ionised gases are plasmas: an
ionised gas has to satisfy all of the plasma criteria to qualify for the de-
scription of “plasma”. For a more qualitative definition of a plasma, the idea
of electrical shielding must be introduced.

Definition 2.3: Electrical Shielding

Electrical shielding is the reduction in electromagnetic interaction
strength due to the blocking of the fields by magnetic or conductive
materials.

Dutch physicist Peter Debye studied how charged ionic species, such as elec-
trolytes, behave in fluids. He derived an expression for the distance over
which an electric field may be experienced in a plasma, now known as the
Debye shielding distance, denoted A\p. What this distance amounts to
it that is a charge is immersed into a plasma, that charge will only interact
with other charged particles within a certain volume, known as the Debye
sphere, which is of radius Ap.

The condition for an ionised gas to be described as a plasma is that the
Debye radius is much less than the linear dimension of the plasma, L, i.e:

Ap K L.

Theorem 2.3: The Debye length, \p, for a plasma of density

E(Jk’BT
e2ng

ng is given by \p =

Consider a positive point charge placed inside a plasma of density nq.
For simplicity, consider a hydrogen plasma such that n. = n;. As the
electron mass is much less than that of the ions, the electrons acceler-
ate much faster than the ions and so it is assumed that the electrons
move until reaching an equilibrium and the ions remain stationary. The
point charge creates an electrostatic potential, ®(r), which is spheri-
cally symmetric and so it has no angular dependence.

At this point there is an unperturbed plasma of density ng with per-
turbed electrons of density ng + nq, where n; is known as the pertur-

16



_E_
bation density. The Boltzmann factor, e *57, for the plasma electrons
is altered by including the potential, such that now

_(%va—ed))
ne=f(r,v)=e \ 37

mv? ed

— ¢ 2kpT gkpT

ed

= nge*sT.
As expected, limg_,o ne — ng. Using V-E = —V2®, Poisson’s equation
can be written
e =L
€o
1 8 6@ e _ed
———[r=— ) =Zng (1 — e’“BT> + o (r)
r2 Or or €0 ——
N ~~ Point charge
Plasma

The solution to this is non-linear, so simplification is ideal. As the
potential is expected to fall off rapidly with distance from the point
charge - much quicker than than % dependence in a vacuum - due to
shielding from the plasma electrons, the exponential can be expanded

to get
10 [ ,00 eny ed 1 [ ed \’
2 () =0 - | -
r2 Or (T 8r> €0 < * kT T3 <kBT) *

eng ed
€0 kBT
2

€ o
GOk'BT

Q

The coefficient of the potential has physical dimensions m~2, hence the
inverse-square of the quantity is defined as the Debye length, A\p;

17




Hence, in order for collective effects to dominate the behaviour of the plasma
then there needs to be many particles within a Debye sphere (high density).
One should note that the potential used for the Debye length is subject to
two conditions:

. —€n
lim® — ,
r—0 4megr

lim & — 0.

r—00

The Poisson equation for a charge in a plasma is given by

10 [ ,00)_ 2
r2 Or Tar _)\%’

the solution for which is

—€eny _—_r
o = Le D

dmegr

For a classical weakly coupled plasma n. ;A% > 1, however certain types
of plasma can exist without this definition. For example, dust particles in
plasma can violate this definition, hence the concept of strongly coupled
plasmas is introduced.

Definition 2.4: Coupling Parameter

The coupling parameter, I', is defined as the ratio of the Coulomb
energy to the thermal energy, i.e.

T = E coul
E therm

e
< dmeo(r) )

kT

A weakly coupled plasma has I' < 1, whereas strong coupled plasmas
have I' > 1.

18



2.5 Boundary Sheaths

Definition 2.5: Boundary Sheath

When a plasma is bounded by a solid surface then there is a boundary
sheath formed in the region between the plasma and the solid, as
shown in Figure 2.1. The sheath arises because the electrons have
higher average speeds than the ions, hence the flux of the electrons onto
the boundaries tends to be initially greater than that of the ions. The
surface becomes a cathode as it acquires a negative electrical potential
compared to the plasma, thus electrons are reflected back into the
plasma such that the the flux of positive and negative charges are
equalised. Positively charged ions are accelerated through the sheath’s
potential difference resulting in significant energy (many times thermal
energy) being directed onto the solid surface. This is the basis of
plasma etching of materials, which is preferred over chemical etching
for a number of applications due to it being more anisotropic and able
to be used on smaller, more fragile objects, e.g. integrated circuits.
The thickness of the sheath region is typically a few Debye lengths.

2.5.1 Bohm Sheath Theory

Bohm sheath theory assumes a planar geometry and a negative floating elec-
trode due to asymmetric charging. Ions are assumed to be stationary (cold)
compared to the electrons and enter the sheath from a neutral presheath
travelling at a speed v, toward the wall due to a weak presheath electric
field. However, the ions are assumed to have no collisions within the sheath
itself and the electrons are assumed to have a Maxwellian distribution, 7T,.
The edge of the sheath is conventionally taken to be at x = 0 and the wall
is at x = d, hence the width of the sheath. The ion density falls as velocity
increases toward the negatively charged electrode and also the electron den-
sity falls due to repulsion by the potential of the electrode. The boundary
between the sheath and presheath is defined to be at a potential difference
of 0 V.

19



Quasineutral plasma Sheath Wall

=0 r=d

Figure 2.1: Layout of plasma sheath against a solid surface (wall).

The continuity equation for ions is given by

N (24) Vi (Ta) = 1 (23) vi (), (2.6)
and the equation for energy conservation is given by
1 1
émivf (xq) +eP (x,) = Emivf (xp) + eP (xp) .

By definition, along the boundary sheath, i.e. xz, = 0, the potential is
®(x,) = 0. The velocity of particles entering the sheath is given by v;(x,) =

vs and so by dividing by the ion kinetic energy, Fs = %mivf;

Using the Maxwell-Boltzmann distribution for the potential on electrons, the
Poisson equation becomes

ed
2D (ne(O)ekTs — nl)
dx? - €0 “

20



Substituting the expression for n; from Equation (2.6) gives

) _
2o _ule (e (| co
dx? €0 E;

which, according to the chain rule, is

NG

dd P 1
- xrT = —
dx dz? 2

The solution is then
1 [(dd\> n(0)e [ _ee e\ 2
=) = | —& e — 11— — d
2 <d95> / €0 (6 } E, v
1
(e )2 ((-8) )
€0 e e E,

This non-linear differential equation for the potential is known as the sheath
equation. This cannot be solved analytically but when the potential is small

1
one may use the MacLaurin expansions for e* and (1 — a)2? to simplify the
problem. The equation may therefore be written

do\* _ @ [ ksl
dr ) — N} 2F, )’

where Ap is the bulk Debye screening length. The square of the potential
gradient must be positive, so the kinetic energy of the ions at the sheath edge
must exceed the electron thermal energy.

There are four main regions in question for this theory:
e Solid material;
e Sheath;
e Presheath;
e Plasma.
Due to small charge imbalances, there is a small electric field in the presheath

region, which results in a potential difference between the plasma and the

21



sheath-presheath boundary. The minimum value of this potential, V4, is
given by the Bohm sheath criterion as

1
|€‘/0’ Z ékBTe‘

The ions reach the sheath-presheath boundary from the plasma with this
energy and then continue to be accelerated through the sheath region to
impinge on the solid material of the wall with typical energies of many times
kgT,. The practical consequence of this is that in order to produce ions with
greater energy, one must increase the plasma electron energies.

2.5.2 Models of Plasmas

There are a number of models for plasmas, including:

e Single particle model
This method was used for earlier work in order to discuss very simple
motions of electrons and ions in a magnetic field

e Fluid Model
For this model the plasma is treated as a fluid. This therefore imple-
ments similar techniques to hydrodynamics however it includes electri-
cal conductivity and a magnetic field, becoming the field of magneto-

hydrodynamics (MHD).

e Kinetic Theory
The kinetic theory of plasmas is similar to that of gases but the forces
includes the Lorentz force. Typically the plasma kinetic theory de-
scribes the plasma via the evolution of the distribution functions of the
species of particles present in the plasma.

2.5.3 Examples

22



Plasma ne m™3] | T, [K] | Ape [m]
TOKAMAK 1019 108 2.2 x 1074
Tonosphere 10t 102 | 6.9x 1073

23




Chapter 3

Discharge and Electromagnetic
Processes

3.1 Discharge Processes

3.1.1 Processes That Increase Ionisation
1. Electron collisions with neutral atoms in the ground state to provide
ionisation:
X+e — X 42 .
2. Two-step ionisation via an intermediate excited state:
X+e =X, +e
X +e — Xt 42,
3.1.2 Processes That Decrease Ionisation

1. Recombination:
Xt+e = X+7.

2. Diffusion of electrons and ions away from regions of ionisation.

24



3.1.3 Processes That Do Not Change Ionisation

1. Elastic scattering of electrons by neutrals in ground state:

X+e =X +e .

2. Collisional excitation:
X+e =X 4+e.
3. Photo-absorption:
X 4+ v— X
4. Stimulated emission:

X" +y— X"+ 2.

3.2 Surface Effects

It is usually the same types of particles that are important in collisions with
solid surface as within the plasma itself, e.g. ions, electrons, metastable
(excited) atoms and photons (particularly UV photons):

1. The photoelectric effect:

v + surface — e~ + surface.

2. Positive ions impinging on a cathode, K;
XtT+K—>X+e +K.

e Asthe atom has already been ionised the electron is secondary and
attains an energy e(V; — ¢), where V; is the ionisation potential,
i.e. the potential energy taken to the surface by the ion, and ¢ is
the work function of the surface material.
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e Aside: Very energetic positive ions can lead to cathode “sputter-
ing”, whereby groups of atoms can be ejected. This can be em-
ployed in applications such as reactive ion etching and coating of
mirrors. Energetic electrons can also scatter secondary electrons
from the anode, though not typically from the cathode.

3. Metastable atoms with the cathode:
X*+K—-X"+e +K.

e In this case the electron attains an energy e(V* — ¢), where V* is
the metastable excitation energy.

4. The Schottky effect: The potential barrier at the surface is reduced by
an applied electric field and electrons escape over the top of the barrier
(thermionic emission) - this effect is strongly enhanced by heating.

5. Field emission: A very large electric field (~ 10 Vm™') at a point
narrows the potential barrier and the electrons escape by quantum
tunnelling.

3.3 Electrical Breakdown of Gases

A common way of forming a plasma is to provide electrical energy to a gas,
which can be done at a range of frequencies, from DC to ionising radiation.
For non-ionising EM frequencies this process is usually a staged process ex-
ploiting collisions. Figure 3.1 shows the regions of discharge, which follows
a complicated resistive behaviour which will be later quantified. Such dis-
charges are used for certain types of lasers and vapour and fluroescent lamps,
as well as being present in lightning.

3.4 Elastic Collisions

When two particles come within close proximity of one another along some
axis, they transfer energy as a function of the collision angle. The fraction
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Figure 3.1: Characteristic curve for discharge of a gas.

of energy exchanged, ¢, is given by

AE dmime 9
§ = = 0).
E (my + my)? cos™(0)

Therefore a head-on collision gives maximal energy transfer whereas a glanc-
ing collision gives a very small transfer. The probability of a collision at any
given angle is given by the area presented normal to the axis along which

they collide:

P = (27rsin(0)) (rdf cos(0))
= (mr?sin(26)) df.

The average energy transfer, 6, can be derived by integrating the transfer
fraction over all possible angles of incidence multiplied by the probability of
that collision angle and divided by the total cross section, i.e.

. ;:f (% 0082(9)) (mr?sin(20)) db

r?
2m1m2
—_—. 3.1
(m1 + m2)2 ( )
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Notice that if m; = my then § = %, whereas if m; < my then § = 27%1, SO

for hydrogen 6 ~ 0.1%.

3.5 Mobility

The change in momentum following a collision is given by the impulse of the
force:

. cE
M;eVie = —
I/C
ek
= Vje = )
mi,eyc
where v, = )\v”; is the elastic collisional frequency, where vy, and Ang, are
mfp

the mean thermal speed and mean free path, respectively. These parameters
differ for ions and electrons since the effective cross section and closing speeds
differ by a lot. The proprtionality constant linking the drift velocity and the
electric field is called the mobility, denoted i ;

e

Hie = .
mi,eyc

3.6 Scattering Cross Sections

The mean free path, A\, is related to the mean free time, 7., by
>\mfp = UthT¢

and the mean free time is related to the gas density, n,, and collisional cross
section, o, by

1
Te = )
NgOVh
1
= Ay = ——
ngO'

It should be noted that ¢ is usually a function of energy.
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If the collisions between electrons and ions/atoms are considered then o is
defined purely by the larger particle. When the particles are of similar sizes
then the effective cross section for collisions is increased by a factor of 4.
For particles with similar speeds, the mean closing velocity is also higher at
V204, (assuming thermal speeds dominate).

3.7 Inelastic Collisions

Inelastic collisions involve a conversion of particle kinetic energy to poten-
tial energy, which can be in the form of ionisation or excitation of an atom,
dissociation of a molecule etc. These collisions are characterised by a min-
imum energy, exceeding which electrons can contribute to the cross section
and below which the cross section is taken to be zero. Furthermore, both
electron density and cross section vary with energy in a complex way in that
the distribution function is primarily controlled by the temperature, whereas
the cross section depends on the species of gas. In spite of this complex
relationship, a collisional rate coefficient can be defined:

dn e
pr —/ 0 (Ve )Veng dne(ve)

v

— /oo 0 (Ve)vengne f(ve) dve

T

~ [ ot (2E> “nanef(E) dE,

Me

—— / () (ZE) : F(B.) dE,

v Mme

= NN KK,

where K is some constant. At low temperatures the rate is a very strong
function of temperature, hence the only electrons that count are those in
the tail of the distribution. Often the tail electrons are depressed below the
Maxwellian, even when the bulk itself is Maxwellian.
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3.8 Elastic Energy Balance

The average amount of energy loss by a particle in a collision may be equated
to the work done by an electric (accelerating) field in one mean free path:

1 3 Ee

§—mv2 =68 —kgT = Eelpp, = —.

9 Tt 2P o ng
If the electric field and pressure are varied such that their ratio is kept con-
stant, the electron temperature - and thus the inelastic rate - will not be
severely affected. This ratio is known as the reduced electric field.

Since the electrons have a higher mobility, higher drift velocity, and longer
mean free path, the rate of work for them is higher and so the tendency is
for electrical work to heat electrons within the plasma and hence collisions
mostly convert electric work to electron thermal work.

The average energy delivered to an electron per unit time is given by

Feu, = Feu . FE
= E?eu,

—E2€< ¢ )
My

E?e?

Mele

(3.2)

The energy lost by the electron per unit time by elastic collisions is given by

;kB(Te - Tg)yc(sa (33)

where ¢ is the average fraction of energy exchanged by an elastic collision
given by Equation (3.1) and T., are the electron and gas temperatures,
respectively. Equations (3.2) and (3.3) give that

B 3 E?e?

P R e
7 2kpmer2d

hence at low pressures the electron-atom collision frequency v, is small and
in the denominator it is also squared, so T, — T, will be large.
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3.9 Avalanche Breakdown: The Townsend Cri-
terion

When an anode and cathode are placed inside an ionised gas, they form an
accelerating field. Free electrons are accelerated toward the anode, which
allows it to ionise an atom and liberate another electron. Both electrons are
then accelerated toward the anode, each of which can ionise their own atoms
and a potential 4 free electrons may then exist. This process of increasing the
number of free electrons is called an avalanche and the minimum number of
electrons freed over a number of interactions in order to sustain the avalanche
is described by the Townsend criterion.

Cathode Anode
aSa®
, First ' Second ‘
| | Ilonisation ionisation L

Figure 3.2: Cathode-anode system demonstrating the avalanche effect.

Consider the average number of new electron-ion pairs formed by collisional
ionisation of one electron in a unit path length from the cathode to the anode;

dn. = an.(z) dz, (3.4)
where « is the first Townsend 1onisation coefficient - otherwise known

as the first Townsend avalanche coefficient - which is the normalised
probability of ionising collisions. Hence along the path from cathode to
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anode the number of electrons increases:

ne(d) = n.(0)e* and
I.(d) = L.(0)e™,

where d is the cathode-anode gap spacing and n.(0) is the density of electrons
emitted from the cathode, perhaps by photo- or thermionic emissions. The
total number of electrons which must arrive at the anode is n.(d) — n.(0),
i.e. the number of electrons that have been “bred” in the discharge. The
number of ions bombarding the cathode, n,, must be the same as the excess
electrons at the anode, i.e.

n4+(0) = ne(d) — ne(0) = ne(0) (e** — 1),

where e®® — 1 is the ion multiplication factor. Suppose that each ion
ejects 7y electrons by secondary emission from the cathode, then

N2¢(0) = n.(0)y (ead — 1) ,

where v is known as the second Townsend ionisation coefficient. If
this ~ (eo‘d — 1) > 1 then every primary electron emitted from the surface
will generate at least enough descendant ions to produce one further electron
due to bombardment. Such a discharge is self-igniting and self-sustaining -
sooner or later a random electron will be formed close enough to the cathode,
and from there the discharge will continue forever, hence the Townsend
breakdown criterion is that
v (e*—1) > 1.

3.9.1 Current in the Sub-Critical Breakdown

Current is proportional to the carrier density, hence the cathode electron
current is the sum of primary and secondary currents:

I.(0) = 11.(0) 4 I5(0).

Note that there is also an ion current at the cathode, so this is NOT the total
cathode current. The secondary electron current can be written in terms of
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the total electron current at the cathode:

Le(0) = I1¢(0) 4 I5c(0)y (e* — 1)

Ile(o)

:>]28(0): 1—7(60‘0{—1)'

The total current can then be found by assessing the electron current at the
anode as there are very few ions at the anode:

Io(d) = L(0)e™
 L(0)e
T 1y (ed—1)
~ I(d) = 1(0).

3.9.2 First Townsend lonisation Coefficient

John Townsend, after whom the avalanche coefficients were named, proposed
a semi-empirical formula for the first ionisation coefficient of the form

where A and B are arbitrary coefficients, P is the plasma pressure and E is
the plasma energy. In concept the ionisation rate coefficient is given by

dn. e
= nane/ ¢G(E)vg f(E) dE.
dt 0
Since dt = Z_f then d;; transforms to ve%7 hence

1dn. n, [~
- = qZ‘(E)Uthf(E) dE.

Ne dz Ue Jo

According to Equation (3.4) the LHS of this is «, which one then normally
normalises to the gas number density, ng;

o0

— = 4 (E) <

Ng Ve 0

2F
m

>%f(E) dFE.
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However, the mean free path of an electron is given by A\, = n—lo, where o is
the total collisional cross section, then

o [ () () s

so typically « is expected to take a value proportional to the pressure mul-
tiplied by a function of temperature, gas ionisation and elastic cross section.

3.9.3 Determining a and v

Considering a variable plane parallel gap, the current can be measured as a
function of gap spacing as the gap is allowed to become small and finding
the limit limy_,¢ 79. Note that for this measurement the ratio % must be kept
constant, i.e. the voltage must drop. Neglecting secondary electrons from
the cathode, which is typically true for low electric fields and low current
levels, the experimental measurement will tend to

In <i> = ad.
20

Plotting In (%) against d will give o as the gradient, however as I or V

increases there is a deviation from the curve, which can be used to obtain ~.

By repeating the experiment at different P and IED both unknown Townsend

coefficients, A and B, can be determined. One should be wary that v is not
E

a simple constant as it depends on T¢ - and hence 5 - as well as the sheath

voltage drop, cathode material and gas composition.

3.10 Paschen’s Law

Substituting Townsend’s form for « into the breakdown condition:

BPd
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The result of this is that if v is constant then the breakdown voltage is a
function of only the product of the pressure and gap spacing, which is known
as Paschen’s Law. This equation is valid close to the minimum of the
Paschen Curve.

3.11 AC Operation and Breakdown

Plasmas have been demonstrated as being useful for materials processing; in
industrial processing one may wish to bombard insulators as well as conduc-
tors to achieve sputtering or etching. This is done by placing the insulator on
one of the electrodes - normally one would choose to make this the cathode
since the effect of the ions on the material to be processed is greater than
that of the electrons.

When the switch is closed the negative potential on the cathode results in a
field across the insulator and gap, so the discharge ignites. The ions bom-
bard the surface of the insulator and the insulator charges up as more and
more voltage appears across the dielectric. Less voltage appears across the
discharge and if the reduced electric field falls far enough then the discharge
will extinguish. The solution to this is to operate in an alternating current
(AC) mode with a frequency such that it oscillates quicker than the time
for the “capacitor” to charge, then the electron current density in the reverse
cycle neutralises the surface charge on the insulator.

3.11.1 Particle Transport

The distance moved by a particle in a sinusoidally-varying field is given by

t
x = / pEy cos(wt) dt = M—EO,

0 2r f
where ¢ has been assumed to be one-quarter of a cycle. For the ions, if
this distance is greater than the gap spacing then one can expect no signif-
icant perturbation in the discharge behaviour when compared to the direct
current (DC) conditions. Note that the frequency and/or gap spacing at
which DC conditions may be assumed increases with the amplitude of the
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AC field. When the fields are reversed the ions have a half-cycle to cross the
discharge gap, which yields a critical frequency at which ions become “long-
term” trapped in the discharge cavity, resulting in progressive increases in
the positive space charge in the gap. The critical frequency, f., is given by

_ Pt Eo
d

fe

However, electrons do not become trapped in the discharge until a frequency
significantly above this as their mobility is much greater;

_ MeEO

foo =

At frequencies above this the electrons are no longer lost by their mobility
to the electrodes but instead by their diffusion to the walls.

3.11.2 Frequency Response

At RF frequencies electron loss is usually by mobility, though ion loss can be
due to diffusion. At microwave frequencies it is typical for the loss mechanism
of both species to be diffusion. As the frequency increases, ions stop reaching
the cathode, hence the second Townsend process weakens and Vg increases.
However, as trapped ions increase the positive space charge of plasma there is
increase in electron emissions. As the frequency further increases, electrons
are trapped in a column, which enhances the first Townsend process and
lengthens the paths and so results in a decrease in Vg, hence the electrodes
become no longer necessary. At even higher frequencies the AC field may
vary at a rate which is higher than the electron collisional frequency, greatly
reducing the numbers of collisions within the plasma and reducing heating,
hence having higher breakdown voltages.

3.12 RF Self-Bias

The application of an RF power supply to produce electrons that impinge
upon an electrode such that it acquires a negative electrical charge is known
as self-bias because it cannot discharge to ground electrical levels.
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3.12.1 Pros of RF

There are lower losses of charged particles as the power is delivered to the
discharge by displacement currents rather than physical currents, leading to
higher efficiency. Furthermore, self-bias means that the bombardment of the
target by the ions is nearly continuous in spite of the AC variation of the field.
Higher temperatures can be obtained in RF (as opposed to AC or DC drives),
which is helpful in production of free radicals and other aggressive chemical
agents - this helps in production of ionisation and dissociation events. Finally,
RF discharges are usually more reliable and suffer fewer instabilities.

3.12.2 Cons of RF

RF components are usually more complex, requiring many more parts, which
potentially introduces reliability issues. Finally, it is more difficult to accu-
rately model the discharge process due to poor data and difficult modelling.

3.12.3 Limitations of RF Discharge

It is not always possible to vary the RF frequency, possibly because the
oscillator of the power supply is fixed or because the frequency ranges needed
are legally controlled, e.g. 13.56 MHz, 2.45 GHz. It may be possible to
adjust the pressure, which varies with the collisional frequency, moving it
with respect to the drive frequency to obtain the desired power transfer.
The maximum power transfer occurs at the resonance frequency, w = v,,
although other resonances may occur if the discharge is magnetised due to
cyclotron effects, although it is not necessarily the case that optimum power
coupling is the optimum operating condition.

3.13 Problems

1. In a discharge where a is 1.1 cm™! and ~ is 0.02, estimate the gap
spacing required for a self-sustained discharge.
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2. If the gap spacing is 3 cm and the primary electron emission current
(thermionic) is 20 pA, estimate the total current in the discharge.

3. If the discharge is uniform over its electrodes of 5 cm radius, estimate
the average bulk ionisation rate per unit volume.

3.14 Answers

1. According to the Townsend criterion, the minimum gap for self-sustained

discharge is given by
1 1
d>—1In (— + 1)
o 8

= ;ln(f)l)

1.1 cem™?
= 3.6 cm.

2. Using the same system as Question 1, the total discharge current is

ad
1(d) = 1 _Ile(ozj —
Y(exd —1)
20 x 10717 x e [A]
1 -0.02(e3x11 — 1)
= 1.2 nA.

3. The electron current at K is

1) — — Tl
1 — (e —1)
. 20x 10712 A
1 -0.02(e3x11 — 1)
= 44 pA.

The difference in current between A and K is just less than 1.2 nA,
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hence

dN, B Iy — Ix
dt e
B 1.2 nA
1.6 x 1071C

=0.75 x 10" g1

and
dn. _ (%)
dt mr2l
Therefore
dne 0.75 x 1010
At w(5x 10712)2 x 3 x 1072
~0.75 x 10'°
n 75

=32x108 m3s L.
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Chapter 4

Fluid Model of a Plasma

A plasma may be described as an electrically-conducting fluid immersed in
electric and magnetic fields. Starting from the foundations of hydrodynam-
ics, i.e. the standard non-conducting fluid mechanics without electric and
magnetic fields, that descibe the behaviour of atmospheres and oceans, con-
servation of mass leads to the continuity equation:

dp
E—FV'(pV)—O,

where p is the mass density and V is the macroscopic fluid flow velocity.
Further to this, conservation of momentum provides the equation

p<aa—\;+(V-V)V> =—-VP+F,

where P is the isotropic fluid pressure and F represents external forces per
unit volume. Finally, one more equation is necessary to determine the normal
hydrodynamic fluid model: the equation of state. There are a number of
models for this, such as

e Incompressible fluids:

e Adiabatic fluids:
Pp~" = constant.
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e [sothermal fluids:

P
— = constant.
P

Whereas in ordinary hydrodynamics F would be a force, for example gravity,
moving from ordinary hydrodynamics to the fluid model of a plasma, i.e.
to hydromagnetics or magnetohydrodynamics (MHD), further to forces such
as gravity one must also include the electric and magnetic forces given by
Lorentz’ force law;

F=¢E+JxB,

where ¢ is the charge density and J is the current density. We can then use
two Maxwell equations;

dB

E=—

V x o
dD
H=J+—
V % +dt’

as well as the vector form of Ohm’s law;
J=0(E+V xB),

where o is the electrical conductivity. The final equation that allows the
modelling of the fluid model of plasma is the conservation of electrical charge:

Jdq
E—FV'J—O.

The plasma fluid models can be either single- or two-fluid. When using the
single-fluid model of a plasma it is possible under some circumstances to
simplify the set of MHD equations to provide a simpler set of so-called “ideal
MHD” equations. These ideal MHD equations apply when the electrical
conductivity of the plasma is high enough to be approximated to an infinite
electrical conductivity. In summary, the set of ideal hydromagnetic or ideal
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magnetohydrodynamic equations is:

dp
— -(pV) =0
5 TV (V)
Pp_g = constant
VXB:M()J
av
— =-VP+JxB
g = VP
0B
Vx(VxB)=—.
x (V x B) T

4.1 Magnetic Pressure

Considering the ideal MHD equation

av
Pt

in the steady state, i.e. Cfi—\t’ =0, then

— _VP+JxB (4.1)

VP =JxB.

However, the steady state of Maxwell’s equation

dD
VxH=J+ —,
* dt
reverts to Ampere’s law, i.e.
V x B
| P
Ho

which is also one of the ideal MHD equations. Furthermore, substituting for
J into Equation (4.1), one obtains

VP=JxB
1
Ho

:—in(VxB).
Ho

(VxB)xB
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Expanding the vector triple product gives

\Y BQ) 1
VP=—-——|—|+—(B-V)B. 4.2

Ho ( 2 M()( ) (4.2)
One should note that the dyadic term (B - V) is equal to zero when B and
V B are orthogonal, hence from Equation (4.2)

BZ
v(Pego)-o
240
where the first term is the plasma kinetic pressure and the second is the
magnetic pressure. This shows that P+ % is constant over space and hence

this explains why the magnetic pressure of a magnetic field can confine the
kinetic pressure of a plasma.

4.1.1 Magnetic Confinement

Where the magnetic field decreases to a minimum, the plasma kinetic pres-
sure can increase to a maximum such that the spatial constancy of P + %
is maintained. The parameter (3, defined as the ratio of the thermodynamic
pressure to the magnetic pressure, is used to classify the efficiency of the
magnetic confinement, with both “local” and “global”  being used. Local
[ is a function of radius, r, and is defined by the ratio of the local kinetic

pressure to the local magnetic pressure;

P(r)
/B(T) = B2(7') )
2p0
which can take values in the range 0 < 3(r) < oo. Global § is a single value

applied to the entire confinement system and is defined as

P(at core of plasma, r = 0)

7" =
Alr) % (at outer edge of plasma)

_, B?(at core of plasma, r = 0)

B2 (at outer edge of plasma)’

which can take values in the range 0 < f < 1 and is sometimes expressed as
a percentage, which § = 1 corresponding to 100%. The global 5 value can
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be regarded as a measure of the efficiency with which the magnetic field is
used to confine a plasma in a particular confinement system.

In the low-3 case the remaining magnetic field at » = 0 is effectively being
“wasted” for confinement purposes and a far higher magnetic field is therefore
required to confine the same plasma kinetic pressure. In the high-g case all
of the magnetic field is efficiently used for confinement.

Example 4.1

Magnetic mirror traps are typically “low-3" devices whereas theta-
pinches are usually “high-5" devices.

For efficiency the aim in magnetic confinement of plasmas is to obtain as
high a [ value as possible. In practice, high values of # can sometimes
lead to plasma instabilities, therefore plasma confinement experiments in
controlled thermonuclear fusion research usually try to obtain the highest
value consistent with achieving a stable plasma.

Example 4.2

In the high-3 case all of the magnetic field is efficiently used for con-
finement. The high-£ example, assuming a global 8 = 1, means that
there is zero magnetic induction at » = 0 and so the plasma is confined
with a maximally efficient use of the magnetic field and the minimum
magnetic field of such is used.

4.2 The Pinch Effect

The pinching force is explained by parallel current filaments attracting each
other, with “like currents” attracting and “like charges” repelling. If the
current filaments are free to move as in a fluid then pinching will occur. The
force on each current-carrying filament arises from integrating the force where
J is the current density in the filament and B is the magnetic flux density
created by the currents flowing the other filaments. The plasma cross-section
is then pinched inwards until a pressure balance is reached where the plasma
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kinetic pressure and the magnetic pressure balance each other:

2
v <p+B—) 0.
240

The J, x By force is radially inwards, resulting in a pinching of the plasma
columns. It is an easy extrapolation to progress from a linear pinch to a
toroidal punch by bending the column around into a torus. In the toroidal
pinch case there are no electrodes and so inducing the current in the toroidal
plasma is usually achieved by a transformer action.

The pinch effect occurs in plasma carrying a high enough current, includ-
ing astrophysical plasmas and laboratory plasmas. The pinch effect is some-
times called the Bennett pinch. The pinch effect has been invoked in light-
ning discharges, solar flares, current sheets, Z-pinches, theta-pinches, toroidal
punches, plasma focussing etc.

4.2.1 TOKAMAKS

Adding a strong toroidal field to a confined plasma results in the mechanism
behind TOKAMAK. Developments and improvements of the TOKAMAK
have controlled all of the major plasma instabilities, but to optimise energy
output the ITER project plans to upscale the research to a gigwatt-size power
plant.

TOKAMAK is a transliteration of the Russian word Tokamax, which in it-
self is an acronym for “TopouianbHast KaMepa B MArHUTHBIX KATYIIIKaX (pro-
nounced toroidal’naya kamera v magnitnykh katushkakh)” - toroidal chamber
in magnetic coils. These TOKAMAKSs must be extremely large, requiring
nTrp > 1 x 102 m—3keVs~!, with n being the plasma density, 7' being the
plasma temperature which is usually in the range 10-20 keV for net power
production in D-T plasmas, and 7g being the confinement time. It has been
long known that a high density as well as a high plasma current, I, - which in
turn requires high magnetic fields, B, - and a large size are required for stable
energy production. Furthermore, some theories claim that the temperature
gradient is limited so that only high temperatures are permitted inside large
devices. Finally, prolonged energy confinement times require large chamber
dimensions due to large bodies losing heat much slower than smaller bodies
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(e.g. babies cool much faster than fat people). Additionally, gigwatt size
power station must be large otherwise the device would melt; magnets must
be protected from neutrons, hence requiring > 1 m of shielding.

4.3 Problem

Calculate the magnitude of the minimum externally applied magnetic field,
B, that is required to confine a plasma consisting entirely of protons and
electrons, in which the electron number density is 8 x 10> m~3 and the elec-
tron and ion temperatures are each equal to 1.2 x 10® K. You may assume
that the maximum value of 3 is used, i.e. that the magnitude of the magnetic
field is zero at the centre of the plasma.

4.4 Answer

A common mistake is to forget that ions can also exert a pressure. The
number densities and the temperatures of the ions and electrons are equal in
this example. The pressues exerted by the ions and electrons are therefore
equal. In this example all of the magnetic field is used to balance the kinetic
pressure of the plasma; the magnetic field being zero at the centre of the
plasma.

BQ
P=—= nekBTe + nszE

2410
= 2nek:BTe
— B = (dpon kpT.)?
=258 T.
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Chapter 5

Fusion Plasmas

5.1 Why Fusion?

There is a great need for controlled thermonuclear fusion due to humanity’s
reliance upon fossil fuels of which there is only 40 years of fuel remaining
and 30 years of 25U for nuclear fission. Furthermore, renewable energies will
never be capable of producing 100% of the energy required for current levels
of population, ignoring population growth and greater energy consumption
with technological advancements.

5.2 Physical Reason for Fusion Power

By fusing together light nuclei or by fissioning heavy nuclear, energy is re-
leased. There are a number of mechanisms to produce energy by fusion, the
easiest to achieve being D + T — “He + n, but it requires the tritium to be
bred from 6Li: °Li +n — *He + T. Other mechanisms include

e D+3He = “He+p
e D+ D —3He+n
e D+D—3T+p
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The deuterium and tritium nuclei need to be in a plasma state because if the
nuclei are made to collide in the form of a pair of opposing beams, scattering
occurs more often than fusion reactions. In a plasma the nuclei can collide
sufficiently often for fusion reactions to occur in some of the collisions and
energy to be released. In a collision the Coulomb repulsive barrier needs to
be overcome before the nuclei approach closely enough for a fusion reaction
to occur. The collisions therefore need to be made with sufficient kinetic
energy and thus the plasma temperature is required to be sufficiently high.

The deuterium-tritium fusion reaction rate increases rapidly with temper-
ature until it maximises near 70 keV and then drops off gradually. The
radiation loss from the plasma due to bremsstrahlung increases relatively
slowly, as T>. The rapidly increasing reaction rate will therefore over-
come the bremsstrahlung radiation losses for a range of temperatures around
10 — 70 keV. The peak cross section of collisions occurs at about 20 keV.

5.3 Lawson Criterion

First derived by John Lawson in 1957, the Lawson criterion is an important
measure of a system that defines the conditions required for a fusion reactor
to reach ignition and sustain itself, i.e. the heating of the plasma by the
products of the fusion reactions is sufficient to maintain the temperature of
the plasma against all losses without external power input. As originally
formulated, the Lawson criterion gives a minimum required value for the
product of the plasma (electron) density, n., and the energy confinement
time, 7p. Later analyses suggested that a more useful figure of merit is the
“triple product” of density, confinement time, and a plasma temperature, 7.
The triple product also has a minimum required value, and the term “Lawson
criterion” often refers to this inequality. For the deuterium-trition reaction,
the physical value of the triple product is about

nTtp >3 x 102 m3keVs.

The plasma must be contained at a temperature of order 108 K where D-T
fusion reactions have a sufficiently large cross section. The power produced
per unit volume for a density n goes as n?. Furthermore, thermal energy

density goes as n and the rate of energy loss from the system goes as 2,
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where 7 is a characteristic time for energy loss (energy containment time).
For the power production rate to be greater than the loss rate, n7 is required
to be large enough - it is this that the Lawson criterion describes. Plasmas
contained by a magnetic field are usually of density on order 10?° m~3 and
7 is on the order of seconds.

5.4 Methods of Achieving Controlled Nuclear
Fusion

The fusion reactor can sustain itself if enough of the energy produced goes
into keeping the fuel hot.

5.4.1 Gravitational Confinement

One force capable of confining the fuel well enough to satisfy the Lawson
criterion is gravity. The mass needed, however, is so great that gravitational
confinement is only found in stars, e.g. the sun. Even if the more reactive
fuel deuterium were used, a mass as great as the moon would be required.

5.4.2 Magnetic Confinement

Since plasmas are very good electrical conductors, magnetic fields can also
confine fusion fuel. A variety of magnetic configurations can be used, e.g.
toroidal confinment, especially TOKAMAKSs and stellarators. It is for these
magnetically confined plasma that auxiliary heating, i.e. high energy neutral
beam injection and high power RF, are very often employed. The main
magnetic field is in a toroidal direction which is produced by toroidal field
coils. However, purely toroidal fields cannot confine the plasma, poloidal
fields are also produced by inducing currents in the plasma. The current is
induced by changing magnetic field though the centre of the torus, which
also heats the plasma.
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5.4.3 Inertial Confinement

A third confinement principle is to apply a rapid pulse of energy to a large
part of the surface of a pellet of fusion fuel, causing it to simultaneously
“implode” and heat to very high temperature and pressure. To achieve these
extreme conditions, the initially cold fuel would be explosively compressed.
Inertial confinement is attempted in “controlled” nuclear fusion, where the
driver is a laser beam.

5.5 Charged Particles in a Magnetic Field

It has been shown that the relativistically correct cyclotron frequencies are
given by
_ 4B

ym’

v? 2

If there are both perpendicular and parallel velocities then the motion of the
particles is helical rather than circular in a plane. When v; = vsin(6) and
v = vcos(f), the kinetic energy is given by

w

where

1
T = —mv?
2
1 1
= §mvi + §mvﬁ.

When an electric field is added to the magnetic field, such that the fields are
B =(0,0,B) and E = (0, £, F), a non-zero I gives rise to particle motion
along the magnetic field and hence very large currents can flow. The usual
assumption in single particle theory is that £ = 0. Considering the effect
of finite | combined with a magnetic field, £, and B combine to produce
a drift velocity of the guiding centre:

_E><B

VEL —B2
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This drift, which is sometimes called the “E x B” drift, depends only upon
the fields and not upon the signs of the charges and is dangerous for plasma
containment as the whole plasma drifts off in the same direction.

Theorem 5.1: Guiding Centre Drift for Non-Electromagnetic
Forces

Suppose that there is a non-electromagnetic force, F, which is then
equivalent to an electric field, Er, where

F
EF =
q
e.g. F could be the force of gravity. Comparing this with the for-
mula for the E x B drift then the guiding centre drift for a non-
electromagnetic force, vy, is given by

FxB
V= ——.
f qBQ

Note that this drift is in opposite directions for oppositely-charged
particles.

If a gradient in perpendicular to a magnetic field exists within the field then a
guiding centre drift occurs, resulting in oppositely-charged particles moving
in opposite directions. This can result in a charge separation and therefore
a buildup of electric field. The guiding centre drift caused by VB being
perpendicular to B causes a charge separation, which then sets up an electric
field perpendicular to B, which in turn produces a disastrous E x B drift,
sending all of the plasma particles radially outward toward the walls as the
electric field that is generated is perpendicular to the magnetic field. The
solution to this is to add a poloidal magnetic field.

Introducing a poloidal magnetic field, the B field lines now spiral as they
transit the torus. The E field resulting from charge separation is then resolved
by connection along the spiralling B field lines. There hence ceases to be a
disastrous E x B drift and magnetic confinement is possible. However, plasma
confinement is not perfect as particles and heat diffuse from the plasma centre
toward the outside. The losses connected to this transport are considerable.
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5.6 The Electrical Resistivity of a Plasma

The electrical conductivity of a plasma, o, is given by

V3 reg\2 (kgT,)?
-t ot

Zn(A)’
127 [eokpT.\2 1
Z e2 Ve

One should note that the electrical conductivity is independent of n and

where

A=

depends upon Te%. It is more correct to say that the electrical conductivity is
“insensitive” to n because the number density, n, is included in the expression
for In(A). Also, the plasma conducts electricity better as it gets hotter,
which contrasts with metallic conductors like copper, where the electrical
conductivity decreases with increasing temperature.

Recalling that the resistivity, 7, is related to the electrical conductivity, o,
by the relationship n = }7, and using the the equation for o, it is possible to
write an equation for 7:

190 In(A)
n=—m—s —

T2

where T, is in degrees Kelvin and Z = 1 has been assumed, i.e. singly-
charged positive ions. This is known as the “classical” or “Spitzer” resistivity,
as Lyman Spitzer was the first to obtain this value for the electrical resistivity
of a plasma in the 1950’s.

m,

The electrical resistivity of a plasma at a temperature of T, = 107 K is com-
parable with that of copper at room temperature. This increase in electrical
conductivity of a plasma as the temperature increases means that the elec-
trical resistivity of a plasma drops with increasing temperature. This has
important consequences for heating magnetically confined plasmas to ther-
monuclear reactor temperatures using Ohmic (I?R) heating. By passing a
current through a typical magnetically confined plasma, Ohmic heating is ef-
fective up to plasma temperatures of around 107 K, corresponding to about
1 keV, but for higher temperatures “auxiliary heating methods” are needed as
the plasma resistivity drops below that of copper and therefore the transfer
of energy to the plasma becomes inefficient. Such axuiliary heating methods
include RF heating and high energy neutral beam injection.
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5.7 Plasma Heating

Fusion requires ion thermal energies of around 10 — 20 keV, for which a
number of methods can be implemented.

5.7.1 Ohmic Heating

Ohmic heating uses a current driven around a plasma, with the resistivity
producing heat. As resistivity goes as T3 this method becomes less efficient
as the temperature increases. Initial heating is by the Joule effect associated
with the current flowing in the plasma, necessary to create the TOKAMAK
magnetic configuration. As the temperature increases further the collision
frequency drops and the resistance falls and the Ohmic heating saturates at
around 10" K. Around this temperature plasmas become better conductors
than copper.

5.7.2 Neutral Beams

Neutral beam heating utilises a beam of high energy neutral particles into
plasma, which are ionised by charge exchange or collisions with ions and
electrons. Once ionised, the beam particles slow down by collision with
the background plasma, leading to overall heating, however parameters are
required to be adjusted so that the beam is neither absorbed nor pass straight
through the plasma. Large machines like JET have tens of MW of neutral
beam power.

5.7.3 Non-Inductive Current Drive

Driving the current with a varying magnetic field through the core cannot
produce a steady state device, however in large machines the current could
be driven for time of order 400 s. The loop voltage is only of order of a few
volts, for a current of several megaampere. Both neutral beams and radio
frequency waves can drive currents if sent in at an angle around the torus.
This can augment the inductive current and also change the current profile,
something which might be useful for the control of instabilities.
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5.7.4 Radio Frequency Heating

Another method of non-inductive heating of plasmas is to use powerful elec-
tromagnetic waves. The general principle of this is to fire radio frequency
waves of frequency w into a plasma. The wave mode propagates into the
plasma and is then absorbed by Landau or cyclotron damping.

Definition 5.1: Landau Damping

Landau damping is the decrease of plasma spatial charge wave am-
plitudes due to an irreversible energy exchange between an external
electromagnetic radiation and the plasma particles forming the charge
wave. If the electromagnetic waves and the charge waves propagate
with a phase velocity v,, then any particles that are slightly slower
than vy, will be accelerated by the electric field of the charge wave to
move with phase velocity v,,, whereas particle moving slightly faster
will be decelerated to vpy,.

Definition 5.2: Cyclotron Damping

Collisional damping is ineffective in TOKAMAK conditions as it falls off as
T2. Resonant particles - when the frequency of the electromagnetic wave
matches that of the plasma - absorb energy, which is then dissipated to the
rest of the plasma by collisions. Theoretical analysis requires looking at wave
propagation and absorption, coupled with the Fokker-Planck equation to
look at the effect of collisions and transfer of energy to the bulk. JET has tens
of MW of ion cyclotron heating and ITER will have both ion and electron
cyclotron systems.

Definition 5.3: Fokker-Planck Equation

The Fokker-Planck equation describes the time evolution of a proba-
bility distribution function that is subject to drag and random forces,
such as Brownian motion.

Plasmas are subject to resonant absorption, for which there are two mecha-
nisms to heat the plasma via radio frequency:
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e Cyclotron Absorption
The RF couples to the plasma at the rotation frequency of a species in
their trajectory around the magnetic field lines.

e Landau Absorption
The RF couples to the plasma such that the wave and particle have
nearly the same velocity of propagation.

Some relevant equations for plasma frequencies include the following;:

nee? \ 2
Plasma frequency Wpe = ( )

€0Me

eB
Ion/Electron cyclotron frequency Weie =

fymi,e
Upper hybrid frequency Wiy = wi + wie
1 1 1

Lower hybrid frequency — = — -+
Wrhg We; + wpi |wciwce’

5.8 Heating at the Ion Cyclotron Frequency, f.;

The ion cyclotron resonance heating (ICRH) system uses a wave propagating
perpendicularly to the magnetic field surfaces at a frequency near to that of
the gyration frequency of one of the ion populations, which for deuterium at
5 T is 38 MHz. The gyration frequency, w = %, depends on the mass of
the ion and the magnetic field whose intensity drops across the TOKAMAK,
enabling localisation of the energy transfer region by simply adjusting the
wave frequency.

Unfortunately, resonance cyclotron absorption is not possible on a plasma
with a single ion component screening effect, one then resorts to a so-called
minority ion cyclotron heating scenario, which consists of using a plasma
with a majority of deuterium ions and a small percentage of hydrogen ions.
The frequency on the hydrogen is then adjusted, which has a lower mass
than that of deuterium, and the wave is to a great extent absorbed by the
hydrogen ions, whose energy increases by several hundred electronvolts on
each passage of their trajectory in the resonance zone. They then transmit
their energy to electrons by collision, which in turn heats up the deuterium
ions.
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Amplifier chains generate the ICRH electromagnetic waves, each chain with
a powerful (2 MW) tetrode tube in the final stage. Transmission lines that
conduct ICRH waves from the generators to the JET TOKAMAK are low
loss coaxial cables. The transmission lines terminate in 4 ICRH antennae
that are installed within the JET inner wall and that are slotted in the front.
Each antenna consists of four conductors (straps) and each strap is fed by
a separate generator. The ICRH electromagnetic waves cannot propagate in
the JET vessel vacuum (their wavelength being too long) so that the antenna
must be as close to the plasma as possible.

5.9 Electron Cyclotron Heating (ITER)

Two modes of ECRH are possible; the O (ordinary) mode and the X
(extraordinary) mode. As in the case of ion cyclotron heating, the in-
teraction takes place when the electron crosses a resonance layer, determined
by the electromagnetic frequency used, and depending on the magnetic field.
The advantage of this type of heating is to produce very local deposits, and
it can be used as a precision tool to take energy to a well-determined location
in the plasma, which can have a stabilising effect on instabilities. In contrast
to the two others, this mode of heating is less sensitive to edge conditions at
the level of the highly simplified antenna, making coupling easier in a wider
range of plasma parameters.

5.10 Thermal Conductivity

Just as the electrical conductivity /resistivity has been discussed, the thermal
conductivity - another transport coefficient - can also be derived!. Thermal
conductivity, k, is given by

5

T
In(A)’

R = Ko

!See Boyd and Sanderson for such a derivation.
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where k¢ is a constant, hence plasmas conduct heat very well at high tem-
peratures. The diffusion, D, is therefore given by

meaning that plasmas rapidly diffuse at high temperatures.

D-T fusion produces 14 MeV neutrons which escape the plasma and 3.5 MeV
a particles. In a reactor the aim is to confine the latter until they have given
up their energy and reached the temperature of the bulk of the plasma.
With good enough confinement, ignition can be reached, i.e. a self-sustaining
reaction with no need for external heating. After particles have lost energy
one requires them to diffuse out of the plasma in order to avoid filling the
chamber with a particle “ash”. The neutrons will be absorbed in a lithium
blanket - lithium produced by the fusion reaction - which then regenerates
tritium, i.e. Li+n — 3T + ‘He.

5.11 JET and ITER

JET is currenty the largest TOKAMAK in operation, which has produced
fusion power of 16 MW. ITER is in early stages of construction at Caderache
in the South of France. Plasma operation in ITER is expected to start 2025
and the machine is expected to run for around 30 years. It will need to have
superconducting coils and when executed it will produce 500 MW of power
sustained for 400 seconds. ITER will explore the technologies around lithium
blankets and will require multiple mechanisms for heating, including neutral
beams, and ion and electron cyclotron resonances. ITER is essentially like
JET but with the linear dimensions of the plasma chamber scaled up by a
factor of 2. It will build on the success of JET which will be used to refine its
design and operation. A recent JET upgrade improved upon the walls used
in ITER; beryllium with tungsten divertor plates and carbon are now used,
whereas this was previously unsuitable for reactors since it absorbs tritium.
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5.11.1 L-H Transition

When a magnetically confined plasma is strongly heated and a threshold
heating power is exceeded, the plasma may spontaneously transition from a
low confinement (L-mode) state to a high confinement (H-mode) state.
In 1990 it was found in the ASDEX TOKAMAK in Germany that with a
strong neutral beam there is a transition to a higher confinement regime, with
confinement time typically around twice that of a previous low confinement
mode. This has now been seen on many TOKAMAKSs and can also be
produced by RF heating. The transition is associated with a rapid increase
in edge density as a result of a decrease of tranport at the edge. This then
produces an increase in density throughout the plasma - essentially shifting
the internal profile up from an edge pedestal.

Definition 5.4: High Confinement

The high confinement mode is a highly stable confinement of plasmas,
allowing for increased confinement times.

5.11.2 Confinement: H-Mode

The high confinement mode is standard (“baseline”) operation for ITER,
approximately doubling the confinement time, 7. The standard H-mode
will have edge-localised modes (ELMs).

Definition 5.5: Edge-Localised Modes

Edge-localised modes (ELMs) are associated with the H-mode and are
characterised by ejection of the plasma from the steep density gradient
at the edge. ELMs provide density and impurity control, but are po-
tentitally damaging if not controlled. Understanding and controlling
these is a major current field of research since they can place severe
heat loads on the vacuum chamber. The energy loss per edge eruption
in ITER is predicted to be greater than the material damage limit,
hence ITER is planning to use in-vessel coils to control ELMs.
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The design objective of ITER is to achieve @) = 10, where @) is given by

Fusion power

~ Heating power’

The transition to H-mode can be routinely reproduced in modern TOKA-
MAKSs. The existence of this transport barrier at the edge is generally at-
tributed to shear flow which break up turbulent eddies and so inhibits trans-
port. Under some conditions it is also possible to produce internal transport
barriers. Empirical H-mode scaling can be used to preduct the confinement
properties of ITER.

5.11.3 Instabilities

The plasma in a TOKAMAK is far from equilibrium and is subject to a wide
variety of instabilities. Complete suppression of these is impossible and the
objective is to avoid those which will produce catastrophic loss of plasma.
There are several main categories of instability:

e Microinstabilities
MHD instabilities produce bulk motion of the plasma. Locally, particle
distributions may be away from equilibrium, typically because of drift
motions produced by gradients. This can produce small-scale instabil-
ities which must be investigated using kinetic theory via tha Vlasov
equation, both of which are later discussed. These do not generally
have catastrophic effects, but contribute to anomalous transport.

e Fluid instabilities
These instabilities cannot be altogether avoided, but their seriousness
largely depends on the variation of the safety factor across the plasma.
They also produce a ( limit.

e Sawtooth oscillations
These are when a rise in density and temperature are followed by a
sudden fall, with this process repeating.

The instabilities that arise within a model depend on which model is used;
e Ideal MHD

Fluid treatment with no resistivity
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e Resistive MHD

With no resistivity, magnetic field lines are frozen into the plasma so
no change in field topology is allowed. With resistivity reconnection is
allowed - this allows formation of magnetic islands which are produced

by a resistive tearing mode.

5.11.4 Key Figures

Parameter JET ITER
Fusion Power <16 MW 500 MW

Plasma Lifetime 5—30s 400 s
Plasma Current 3.2 —4.8 MA 15 MA

Auxiliary Heating | 23 MW(NB), 15 MW (RF) | 100 MW (NB, E&I-CRH, LHRF)

Major Radius 2.96 m 6.2 m
Minor Radius 1.25—2.10 m 2.00 m
Plasma Volume 100 m? 840 m?

To achieve these, one must confine in H-mode to achieve the @) = 10 design
goal of ITER. Furthermore, the plasma must avoid major instabilities which
could lead to complete loss of confinement. There are limits on how much

power can be supplied to the surface materials.

5.11.5 ITER Baseline Scenario

The basline scenario for operating ITER and achieving ) = 10 is ELM H-

mode:

e Power threshold Pry = 55 MW, marginal with existing heating. Lower

densities reduce the threshold up to a point.

e Once in H-mode, fusion power provides more than enough energy to

stay in H-mode.

e The core temperature strongly depends on edge temperatures, so a
huge effort is being put into understanding and predicting properties.
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5.11.6 Power Handling

The handling of power has major implications for plasma operation because
the energy must leave the core plasma to something else. This energy will
come from both heating input and heating power. For instance, given 50 MW
of heating power and % of the 500 MW fusion power, the power output to
divertors on ITER is around 150 MW. Intensive research activity on divertors
to withstand such power include tilting the target plates to spread the power
over a larger area and magnetic geometries like Super-X to reduce the power
reaching the divertor targets.
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Chapter 6

Two-Fluid Model

6.1 Waves in Unmagnetised Plasmas

Plasma ions and electrons interact via long-range electric and magnetic forces,
leading to collective behaviours. There are three basic wave-modes that exist
in unmagnetised plasmas:

e Langmuir waves
Oscillations of plasma electrons are modified by thermal effects

e Ion acoustic waves
Acoustic waves driven by electron and ion pressures being balanced by
the ion inertia

e Electromagnetic waves
Electromagnetic waves can be modified by the free plasma electrons

6.2 Basics of the Two-Fluid Model

The two-fluid model describes the plasma in terms of two distinct but inter-
mixed fluids: ions and electrons. The ion and electron number densities, n;
and n., are obtained from the continuity equations;

8712',6

ot

+ V. (n@evi,e) = 0.
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The ion and electron fluid velocities, v; and v., are obtained from the mo-
mentum equations;

i VP,
Mie (% + (Vie - V)Vi,e) = Zq(E +v;. x B) — —=,
N;e

)

where Zgq is the charge state of the ions (= Ze) and electrons (—e), and P,
are the ion and electron thermal pressures.

Recall Maxwell’s equations as well as some derivatives:

Faraday’s law %—? =-VxE
Ampere-Maxwell’s law  V x B = pugj + c%%—]f
Gauss’ law V-E= ;%

No monopoles V-B=0
Electric current density j = Zen;v; — en,.v,
Electric charge density p = Zen; — en,.

Henceforth it will be assumed that plasma atoms are singly-ionised, i.e. the
ion charge is given by Z = 1.

6.3 Electrostatic Waves

The ion acoustic and Langmuir waves are electrostatic waves. The electric
field, E = —V ¢, is expressed as the gradient of the electrostatic potential,
¢. There are no magnetic fluctuations since it follows from Faraday’s law that

%—?——VXE——VXV¢—O.

From Gauss’ law,
V~E:£:£(ni—ne),

€0 €0

one then obtains Poisson’s equation, i.e.

—V2¢p = E(ni — Ne). (6.1)

€0
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The Poisson equation is coupled with the ion and electron continuity equa-
tions as well as the momentum equations, namely

9 i,e V-Pie V.Pie
i ( S (Vi V)vi,e) =GB -~ = gV e

If the potential, ¢, was equal to zero then the acoustic equations for the ions
and electrons uncouple. However, any changes in the electron or ion densities
give rise to a response in the potential due to Equation (6.1). Therefore the
ion and electron densities are strongly tied together.

Example 6.1: Gravitational vs Electrostatic Forces

For the purpose of a gedanken experiment, consider 1 kg of nucleons
and 1 kg of electrons a distance, d, 1 m apart. What would be the
relative forces between the two bodies?

The gravitational force, Fj, between the bodies would be given
by

Gmym,.
==
whereas the electrostatic force between the bodies would be
1 QNQ@

¢~ drey d?2

Hence the ratio of these forces is given by

S MNMe
— = G4mey - ———.
Fe 0 QNQ@

6.3.1 Small-Amplitude Waves

A simplifying assumption is that the waves have small-amplitudes which
oscillate around an equilibrium solution of the equations. The simplest equi-
librium solution is that the plasma is at rest with equal electron and ion
densities, i.e. n; . = ny = constant, together with ¢ =0,v;. =0,VF,. = 0.
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6.3.2 Procedure of Linearisation

The linearisation procedure considers a perturbation from equilibrium such
that n; . = ny + ni1 1 where ng is the equilibrium plasma density and n;; ¢
are perturbation densities where [|n; 1] < no, ¢ = ¢1, and v, = v, .1,
where quadratic terms such as n;;v;; and (v;; - V)v;; have been neglected.
Furthermore, polytropic ion and electron pressures are assumed, i.e.

Yi,e
ni,e ’
Pi7e = Pi,eO ( ) 3
No

where P; .o = nokpT;co are the equilibrium ion and electron pressures, and
vie are the ratios of specific heats (adiabatic constants) for the ions and
electrons.

Taylor expanding the pressures about n;. = ng gives

Pi,e = PiO,eO + Pil,ela

with Pi1e1 = vi.ekpTio,comnit,e1-

The linearised equations are thus given by

Poisson’s equation V%, = %(nzl — Me1)
. Oy
Ion/Electron continuity % + 1oV - Vize1 =0
v Vn;
Ion/Electron momentum  m; .~ = —qV¢, — %,ekBTz‘O,eO%

6.3.3 Langmuir Waves

Ions and electrons oscillate with opposite phases to one another, giving rise to
a strong response in the potential and to high-frequency electron oscillations
close to the plasma frequency. It is a good approximation to assume that the
much heavier ions do not have time to move on this timescale, known as the
cold ion limit. Then, using the lack of an ionic perturbation, i.e. n;; = 0,
and v;; = 0, the time derivative of the equation for electron continuity,
the equation for the electron momentum, and using Poisson’s equation to
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eliminate v.; and ¢;, one gets

a27161 aVel
oz 0V g
n v2ne
=-— (€V2¢1 — YekBTeo 1)
Me o
noe? kgT.
== Ne1 T Ve b OVQnel
e€0 me

This can be written

827161

ot?

2 . .
where w = ,/Z)(;fl is the electron plasma frequency and vy, = @/kfl—Te is the

electron thermal speed.

2 2 2
+ WpeTlel — 'YeUTev ner = 0,

For Langmuir waves it is a good approximation to use 7. = 3. In the
language of thermodynamics, the electrons perform one-dimensional adia-
batic compression with one translational degree of freedom, N = 1, giving
Yo = # = 3. This value is also derived from kinetic theory using the
Vlasov equation for waves with phase velocities much greater than the elec-
tron thermal speed. One can now assume that n.; can be represented as a
sum of plane waves proportional to exp (—iwt + ik - x) with different values
of wave frequency w and wave vector components k,, k,, k.. The frequencies
and wave vectors of each wave must then obey the dispersion relation with

Y. = 3, giving the Bohm-Gross relation;
w? = wl, + 3vF k2, (6.2)
where k* = k2 + k + k2.

The lowest frequency for Langmuir waves occurs when the wavelength tends
to infinite, giving rise to the so-called cutoff frequency, w = w,.. One sees
from the dispersion relation that the phase speed,

w A Wit 3v2, k2

k- k ’

Uph =

decreases for large k, down to a minimum value v/3vz.. However, when the
phase speed becomes comparable with the electron thermal speed, there are
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strong interactions between the wave and single electrons, which gives rise to
Landau damping of the wave, where the wave energy goes into acceleration of
electrons. This damping can only be described with kinetic theory (covered
later) and is not included in the fluid model. As a rule of thumb, Langmuir
waves are weakly Landau damped only when &k < 0. 15“’;6 For k > 0.25 w;e
the Langmuir waves are strongly Landau damped and the fluid model breaks
down. Hence, the frequency of Langmuir waves are often very close to the
plasma frequency. This can be used as a diagnostic to measure the electron
number density in a plasma.

6.3.4 Ion Acoustic Waves

Ion acoustic waves arise when the plasma electrons and ions oscillate with the
same phase. Since the ions are much heavier than the electrons, the electrons
tend to follow the ions and neutralise the plasma. These oscillations have
much lower frequencies than the Langmuir waves. A good approximation is to
assume that the electrons have zero inertia. In this case, one can set m, =0
in the left-hand side of the electron momentum equation and integrating it;

nel

0= 6¢1 7ekBTeO o
For this case it is a good approximation to use 7. = 1, corresponding to
isothermal compression. This value can also be derived from kinetic theory
for a wave whose phase velocity is much lower than the electron thermal
speed. Solving for n.; and inserting the result with 7. = 1 into Poisson’s
equation and rearranging gives

kgTeo nin

$1— A Vi1 = (6.3)

)
no

k’BTeoeo
noe

where A\p, = is the electron Debye length. A very useful relation

for the Debye length and thermal velocity is
UTe = >\Dewpe'

In a similar procedure as for Langmuir waves, we now twice take the deriva-
tive of Equation (6.3) and use the equations for ion continuity and momentum
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to eliminate n;; and v, resulting in

82
@(ﬁbl - >‘2Dev2¢1> - sz2¢1 - ’Yiv%i)‘%ev4¢7

kp(Tet+v:T;) kgT,
uz

where ¢, = is the ion acoustic speed and vy; = /=2 and is

%

the ion thermal speed. An exponential ansatz can be made for the perturbed
potential, i.e. ¢ o exp(—iwt + ik - x), giving the dispersion relation

W1+ 2P k?) = Ak + v\ k2

The ion adiabatic constant v; = 3 is usually used, corresponding to one-
dimensional adiabatic compression. It can also be derived from kinetic theory
for wave phase speeds much higher than the ion thermal speed, ¥ > vr;. Ion
acoustic waves are weakly Landau damped only when 7, > T, in practice
this is more like T, > 107;. For T, < 37T; the ion acoustic waves are strongly
Landau damped.

Some useful limits to remember include:

e Long wavelength limit, A\%_k? < 1, corresponding to n.; = n;;

w? = 2k%.

e Cold ion limit, T; = 0 and vp; = 0;

o GR
1+ X3 k%
kgT,
with ¢, = Ble
my;

This has resonance for A7, k? > 1 at the ion frequency;




6.3.5 Electromagnetic Waves

The electromagnetic waves in the two-fluid model are transverse waves, i.e.
the electric and magnetic fields are perpendicular to the direction of propaga-
tion. These fields are not generally associated with fluctuations in electron or
ion density, hence in an homogeneous plasma one can take n; . = ng, giving
V-v;. = 0. For such a situation, Gauss’ law gives V-E = i(ni—ne) = 0. One
can also set the pressures to constancy, i.e. VP, = 0, hence the linearised
momentum equations then read

OVile1

ie — =qE )

Mie™ge  — I

which are coupled with the Faraday and Ampére-Maxwell laws;
0B
a_tl =-Vx E1
1 0E
V x By = pono(vi — Ver) + Ea_tl’

together with V - B = 0. Taking the time derivative of the Ampere-Maxwell
equation and using Faraday’s law and lineared momentum equations to elim-
inate the time derivative of v;. and B; then gives

2
-V x (V x Eqy) = pono (miZ + mie> eE, + é%
Since m; > m., one can usually neglect the term mi compared to mi Using
vector calculus identities, the linear wave equation is given by
OPE,
ot?

2v72 _ 2
—c°V E1 = —wpeEl,

where wpe = 4/ % is the electron plasma frequency. The dispersion relation

in this case is

w? = *k? + wie.
As earlier noted, the electromagnetic wave has a cutoff frequency w = wyp.
and electromagnetic waves with lower frequencies than this cannot propagate
into the plasma. The electromagnetic wave (light) can be reflected by an

overdense (w,. > w) plasma. There is no Landau damping, since the phase

speed, ¥, is always greater than the speed of light and hence cannot interact
resonantly with electrons. The group speed, g—z, is smaller than the speed
of light.
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6.4 Waves in Magnetised Plasmas

A background magnetic field breaks the symmetry and makes the plasma
anisotropic, i.e. the waves have different behaviours if they propagate along
or across magnetic field lines. Electromagnetic waves with different polarisa-
tion have different propagation characteristics, and hence the plasma becomes
doubly refractive for electromagnetic waves. These effects are caused by
ions and electrons gyrating within a magnetic field and the plasma perform-
ing E x B drifts in low frequency electric fields perpendicular to the magnetic
field. This modifies the behaviour of existing waves and introduces a number
of new wave modes compared to an unmagnetised plasma.

6.4.1 Linearisation

In the two-fluid model the linearisation procedure assumes that n;. = ng =
constant and B = By = constant, together with E = 0, v;, = 0 and
VP, . = 0. For simplicity and without loss of generality, it is assumed that
the magnetic field is directed along the z-axis, such that By = Byz.

The equilibrium is perturbed such that n; . = ng + n; 1, where n;; .1 < ny,
and B = Bg + By, where |B;| < |By|, E = E; and v;. = v; ;. As before,
polytropic ion and electron pressures are assumed, which can be Taylor ex-
pandd about n; . = ng and P, = P, oo+ P, c1, with P o1 = 7.kpT} conie1. The
ion and electron number densities are obtained from the continuity equations;

87%1,61

ot

+noV - Vit 1 =0,

whereas the ion and electron fluid velocities are obtained from the momentum
equations;
8Vi1,el V”ﬂ,el

Mie———— = q(E1 + Vi1e1 X 2By) — vicksTho.e0 .
ot Un

By dividing the ion and electron momentum equations by the repsective
masses, one obtains

avil,el . qEq i qv % S o 02 Vnil,el
- “Vilel cice — iU T
ot M. € Y ng

)
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where Wej ce = anO

0 are the ion and electron cyclotron frequencies and vr; 7. =
k5Tie are the ion and electron thermal speeds. It is hence clear that gyro-

i,e

motion of the ions and electrons influence the behaviour of the plasma. One
should also note that we; = we ™ whereas wy; = wpe /2=, hence in general

wei K wp;. The linearised Maxwell’s equations are

Faraday’s law % =-V x E;
Ampere-Maxwell’s law  V x By = poeng(vip — ver) + Ciz%
Gauss’ law V-E| = %(nzl — Me1)
No monopoles V-B; =0
Making the electrostatic assumption; E; = —V¢;, Gauss’ law can be used

to obtain Poisson’s equation;

e
—V2¢1 = E_(nzl - nel)a
0

which is coupled with the ion and electron momentum and continuity equa-
tions;

OVile1 q q Vn,
> ~ 2 il,el
= - v¢1 + _viLel X ZWeice — Vi,eVTiTe s
ot M e e : o
Onj e1
’ +n0V-vi61=O.
ot ’

Plane wave solutions can now be ansantzed, i.e. @i,7;¢1,Vie1 are propor-
tional to exp(—iwt + ik - x), giving the algebraic system of equations:

e
k2¢1 = _(nil - nel);

€o
q

i,e

—iwni’el + nolk *Viel = 0.

. q A . 2 i1 e1
ikgy + gvil,el X ZWeijce — Zk%'UT@-,Te 0 ; (6.4)
0

—WVi1el = —

For electrostatic waves, the electric field is parallel to the wavevector since

El - _qubl
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6.4.2 Parallel Propagation

Parallel propagation, where the wavevector is parallel to the magnetic field,
i,e. k = k.z, will be considered. In such a case, Poisson’s equation then

yields

e
k§¢1 = _(nil - nel)a
€0

while the continuity equations become

—iWn;1 e1 + Notk,Viz1 621 = 0.

The z-components of the velocities are obtained from Equation (6.4) as

. q . . 2 Ni1,e1
—WUjz1,e21 = — k2¢1 - Zkzryi,BUTi,Te :
Mie o

One should note that the magnetic field has disappeared from the equations,
i.e. electrostatic waves propagating along the magnetic field are not affected
by the magnetic field - the reason for this is that v; ., are parallel to By. In
appropriate limits the Langmuir and ion acoustic waves are retained.

6.4.3 Perpendicular Propagation

For electrostatic waves propagating perpendicularly to the magnetic field,
the electric field is perpendicular to the magnetic field. Due to this, the
electron and ion fluid velocities are also perpendicular to the magnetic field.
This then gives

e
2 )
/ﬁﬁbl = _(nil - nel)a
€o
. q . A . 2 M1 el
—WViel1 = T K11+ Viel1 X ZWeice — ZkJ_’Yi,e’UT@Te—n ;
e 0

—iwWn;e1 + notky - vier =0,

where k| = kX + kyy and v; 11 = Vig eaX + Uiy Y. Assuming that the first
high-frequency waves are similar to Langmuir waves, where the ions can be
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taken to be stationary, the system of equations then reduces to

(&
2

Elgr = ——ne

€0

[ n

. . N . 2 el
—iWVe 1 = —1K | @1 — Vei1 X ZWee — 1K YU, —
Me no

—iwnLd + nollkj_ *Viell = 0.

To obtain a dispersion relation for the wave, the strategy is to express the
perturbation density n.; in terms of ¢; and then insert the result into the
first of this system of equations. Writing out the x- and y-components of the
second equation, one gets

e n

. . . 2 el
—WVep1 = —— 1Kz P1 — Vey1Wee — LRy YeUpe—
Me g

2 Ne1

. 6 N >
—MWVey1 = —Zk‘y¢1 + Veg1Wee — Zlfy%UTe_ :
Me No

Solving for veg1,¢y1 gives

B e 9 Met \ kzw — ikyWee
Vezpl = _Egbl + YeVUTe " 2 92
e 0

2 42
w wce

B e 9 MNetl \ kyw + ikzWwee

Ueyl - _m ¢1 + 'YevTe n wQ wg .
e 0 — Yee

When inserted into the continuity equation these give

noeki%

me(w2 - wge - Vev%eki) .

Ne1 = —

Finally, by Poisson’s equation one has
Wgeki%

2 42 2 1.2
w Wee fyevTeki

ko=

and the dispersion relation

w2

1= P . 6.5
w? — wze - Vev%eki ( )

Equation (6.5) can be written

2 _ 2 2 2 1.2
wh = wpe + Wee + f)/e,UTek’J_

2 2 2
= Wyg + ’YevTek;L7
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where wyy = /w2, +w? is the upper hybrid frequency. Here 7. = 3 will
be assumed. Fluid theory is only valid in weak magnetic fields such that

2 2 . ~ . . . .
Wpe > We, 1.6, Wyg & wpe. An exact expression for the dispersion relation

2 2
obtained from kinetic theory, in the limit UT;% < 1,is

ce

2 1.2, 2
R 3UTekJ_wpe
- “YUH 2 92
w? — 4wz,
For w ~ wy g, this becomes
2 1.2, 2
) 3vg k T Whe

2
W R wry + .
UH T2 — 302

Upper hybrid waves propagating perpendicularly to the magnetic field are
not Landau damped. They are one of many undamped electron Bernstein
modes, described by kinetic theory. The dispersion relation for these modes
is given by!:

w2 e

1+ / ' sin(¥Q) sin()e W) dyp = 0,
) Jo

o
w2, sin(m§)

2,2
where A\ = ktZTe and ) = . It is convenient to write Equation (6.5) as
1+x.=0,
2
where y. = —m is the electron susceptibility, which is the

response of plasma electrons to the electrostatic potential. This comes from
expressing the electron density in terms of the potential in Poisson’s equation.
If the ion motion is taken into account, then by inserting the expression for
the ion density in terms of the potential into Poisson’s equation, one gets

1+ Xe + Xi = 07
2,
where y; = _W For a plasma with multiple ion species, one has
ci YT L
14 xe+ Xi1+ Xi2+ ... = 0. For plasma waves with intermediate frequencies;

'F. W. Crawford and J. A. Tataronis. J. Appl. Phys. 36:2930, 1965
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W < w? K w?, and for w?, > .02 k% and w? > vv34.k% | the electron and

ce)

ion susceptibilities become

w
__ _pe
Xe = 2 (6.6)
2
w=.
_ p
Xi - w2 9

where the magnetic field has been neglected. These give the dispersion rela-
tion for lower hybrid waves as
2 2
pe pi _
2w

1+

Solving for w, one gets
wpiwce
w=——.
wuH

For w?, > w?, the oscillations occur at the lower hybrid frequency:

WpilWee
= e

The lower hybrid waves exist for waves almost perfectly perpendicular to
the magnetic field. In this case, the electrons cannot stream to neutralise the
plasma, but instead they perform E x B- and polarisation drifts perpendicular
to the magnetic field, while the ions oscillate in the electrostatic field.

If the wave is only slightly oblique, i.e. b < k1 but still % > \/’;‘? where
k| = k1, the electrons can stream along the magnetic field and neutralise the
plasma. In this case there also exists a few low-frequency waves near the ion
cyclotron frequency. The electrons can be treated as inertialess and therefore

Equation (6.6) can be replaced by

W 1
Xe =02 k2~ 22 k2

1)



Using the susceptibility for cold ions,

2

_ Wi

Xi == e o
w wy;

one gets the dispersion relation for electrostatic ion cyclotron waves to be

14 A% k2

where ¢; = 4/ kBTe is the cyclotron speed.

For reference, the ion and electron fluid susceptibilities for arbitrary propa-
gation of electrostatic waves in a magnetic field are given by

pie(K*0” — Kjwg
Xie = _kQ[WQ(WQ w2 ) — 'Vi,eUTi,e(k2w2 k2 2]

cie Wei €

ct 6)

where k| = k. in the geometry is the wavevector component parallel to the
magnetic field, and k = , /k? + kﬁ is the total length of the wavevector. From

the equations for ion and electron susceptibilities, one can derive the various
special cases of electrostatic waves with appropriate choices of 7; . and being
aware that kinetic effects can be important for warm plasmas.

6.4.4 Whistler/Helicon Waves

Consider a low-frequency electromagnetic wave which exists in a plasma in
which the displacement current is neglected and the ions are assumed to be
stationary. This can be due to the wave period being much shorter than the
ion time-scale, which gives rise to whistler waves, or due to that the ions are
prevented to move because because of collisions giving rise to low-frequency
helicon waves. In this case, Ampere-Maxwell’s law reads

1 0E;
2 ot
A second assumption is that the wave speed is much lower than the speed of

light (this is true for wy. > we but not necessarily for we. > wy.). The dis-
placement current can then be neglected, which gives Ampere’s law, namely

V X By = —ppengver + —

V x B1 — —p€NQVel- (67)
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Electron density fluctuations have been explicitly ignored, which follows from
the electron continuity equation by using the fact that taking the divergence
of both sides of Ampere’s law gives V - nv,; = 0. To obtain the electron
velocity, one uses the electron momentum equation;

0Vl e R
ot - _m_eEl — Vel X ZWee — YeVpe ——
Next, assume that the electrons are inertialess due to the wave frequency
being much smaller than the electron cyclotron frequency. Having already
neglected electron density fluctuations;

0= "B — Vor X #ee. (6.8)
Me

Finally, the electric and magnetic fields are related by Faraday’s law, namely

0B,

W =-V X El. (69)

Using Equation (6.8) to eliminate E; in Equation (6.9) and using Equa-
tion (6.7) to eliminate v, gives the equation for the magnetic field as

aBl MelWee ~
5 M062nov X (z x (V x By)).

As the cyclotron frequency is given by w. = emﬂ, the masses cancel and
hence the magnetic wave does not depend on the electron mass. Using the

relation py = EO% and er = S;Z‘z, the equation for the magnetic wave can be
written 5 )
Bl C Wee ~
— = Vx(zx(VxB
5= V% (B (VB
or 9B
G_tl = AW,V x (z x (V x By)), (6.10)

where A\, = —= is the electron skin depth or electron inertial length.

pe
The dispersion relation (assuming % — —iw and V — ik) can be obtained
by writing the components and eliminating the x-, y-, and z-components of
Bll

w? = Nk kw?

z 7 ce’

7



Whistler waves are often created by thunderstorms in the equatorial region;
they propagate along the magnetic field lines and can be observed in the
northern hemisphere or by satellites as waves in the audible range (a few
kilohertz). Since the waves with higher frequencies propagate faster, i.e. the
group velocity is higher than the lower frequencies, the whistlers created by
lightning give rise to a descending, whistle-like tone. For higher frequencies,
one needs to take the electron inertia into account, hence replacing Equa-
tion (6.8) by

Over = —iEl — Vo1 X ZWee

ot Me
then Equation (6.10) is modified to become

% (B1 + A2V°By) = XNw..V x (2 x (V x By)).

The dispersion for this case is then

41.21.2, ,2
2 Aekj kzwce

(14 \ek2)?

For small wavenumbers, i.e. A\2k? < 1, the original dispersion relation for
inertialess electrons is retained, whereas for large wavenumbers, i.e. \?k? >>
1, there is an electron cyclotron resonance:

k2w?
2 _ "Yz¥ce
W = )

k2

which is valid for w}, < w?,.
6.5 High-Frequency Waves in Magnetised Plas-
mas

To study the general behaviour of high-frequency electromagnetic waves in
magnetised plasmas consider the cold plasma equation of motion, namely

8V61 € A
= ——E1 — Ve1 X ZWee,
ot Me
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which is coupled with the Faraday and Ampere-Maxwell laws;

0B
o VB
1 0E
V X B1 = —UpENQVe1 + ga—tl

This is a very simple model of a plasma, which is only valid when ions can
be considered to be stationary, and when thermal and collisional effects are
neglected. Still, the physics is surprisingly rich and complicated from this
model. By assuming plane waves, the special cases of perpendicular and
parallel propagation to the magnetic field, followed by the general case of
oblique propagation will be discussed.

6.5.1 Perpendicular Propagation

Ordinary (O) mode waves propagate with the electric field parallel to the
magnetic field lines. Due to this, the electrons are also accelerated parallel
to the magnetic field and there is no influence of the magnetic field on the
propagation of the O mode wave. The dispersion relation is the same as for
an unmagnetised plasma;

2 _ 272 2
w” =kl + wy,.

Extraordinary (X) mode waves propagate with the electric field, per-
pendicular to the magnetic field. It has two branches; one high-frequency
fast X mode which can propagate out of the plasma as light, and one
lower-frequency slow X mode (often called the Z mode), which has an
electrostatic resonance at the upper hybrid wave at large wavenumbers;

(w? — wﬁe) (w* — Pk} — %2;@) —wZ, (w* = k7)) = 0. (6.11)
At the cutoffs k£, = 0, the fast X mode is right-hand circularly polarised,
while the Z mode is left-hand circularly polarised with respect to the magnetic
field. For a given frequency, the X mode has the cutoff at the lowest electron
density, followed by the O made and Z mode at higher densities.
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6.5.2 Parallel Propagation

The Langmuir wave is an electrostatic wave that propagates with the elec-
tric field along the magnetic field line and is therefore not influenced by the
magnetic field.

Left-hand (L) mode waves propagate with the electric field rotating in
the left-hand direction perpendicular to the magnetic field lines.

Right-hand (R) mode waves propagate with the electric field rotating
in the right-hand direction perpendicular to the magnetic field. It has two
branches; one high frequency branch which frequencies higher than the L
mode, which can propagate out of the plasma as light, and the low-frequency
whistler wave, which exists only in the plasma. The dispersion relation
reads
w? (w2 — c2kﬁ — wﬁe)z — w2 (w2 — chﬁ)z = 0.

At the respective cutoffs k| = 0, the L mode and R mode have the same cutoff
frequency and polarisation as the Z mode and the fast X mode, respectively.

6.5.3 Oblique Propagation

The general case of oblique propagation is given by the Appleton-Hartree
dispersion relation, which is often solved in terms of the wavenumber and is

written as )

B L 2w (@ owp)w

w? 2 (w? —w2,) — w2 sin*(0) £ we A’

where A = \/wge sin(6) 4 4w=2? (w? — wf,e)Q cos?(f). The above can also be
written

2/( 2 2 2 27.2 2\2
w (w —wpe) (w —c’k —wpe)

— w2 (w2 — c2k2) (w2 (w2 — k% — wﬁe) + chzwie 0082(9)) =0.

For oblique angles the R mode connects smoothly to the X mode at perpen-
dicular propagation, whereas the L mode splits into the Z mode and O mode
branches. The L-O mode has a cutoff w = w,. at & = 0, while the Z mode
has a cutoff given by Equation (6.11) at k; = 0. The Z mode converges to
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the electrostatic upper hybrid/Langmuir mode in the limit A& > 1 and the
oblique whistler wave connects to a low frequency electrostatic mode in the
limit A\ k > 1.

6.5.4 Typical Electron Time- and Length-Scales

It has been seen that high-frequency electromagnetic waves in magnetised
plasmas can be characterised by the plasma frequency, w,., and the electron
cyclotron frequency, w.., the electron skin depth, A\, = w—:m, the X and O
modes converging to the light vacuum speed ¢ for large wavenumbers and
the whistler waves having a lower typical speed, ijjj:, when w? < wie. Some
typical values of S—pe include

Environment Value

Space plasmas in the Earth’s ionosphere (above 300 km) | 5 — =

Solar winds 5

TOKAMAKS 1

6.6 Low-Frequency Electromagnetic Waves

Low-frequency magnetohydrodynamic (MHD) waves at around 1 Hz or below
are sometimes observed in connection with solar storms etc. Shear Alfvén
waves? can carry large amounts of energy and lead to disruptions of com-
munications and the electrical grid on Earth. The simplest model for such

waves are based on the inertialess, cold electron momentum equation
0:E1+V61 X BO;

the cold ion momentum equation

8V1-1 (&
— " (B, + vy x By):
8t ml( 1+V1>< 0)

2H. Alfvén, Nature 150, pp. 405-406, 1942.
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Faraday’s law
0B
8_t1 =-V x El,

and Ampere’s law
V x By = poeng (Vi — Ver)

where the ion current is included but the displacement current has been
neglected. Using the cold electron momentum equation to eliminate E; in
the cold ion equation gives

aVﬂ e

= i1 — Ve XBa
8t mi<V1 Vl) 0

where the (v;; — V1) term can be eliminated by using Ampere’s law;

0V,;1 1
= B B
ot MoToTT; (v % 1) Do
By-V)B By-B
~ B V)Bi V(Be By (6.12)
Moo oMM

where the first term on the right-hand side is due to magnetic tension and
the second term is due to magnetic pressure. Alternatively, using the cold
electron momentum equation to eliminate E; in Faraday’s law gives

0B
8—;ZVX (V61XB0)7
where v,.; can be eliminated using Ampere’s law:
8B1 V x B1
=V i — By ). 6.13
ot % ((Vl [o€ENg > % 0> ( )

This is known as the induction equation. The ZXEBOI term is sometimes
called the Hall term and consequently the model combining Equations (6.12)
and (6.13) is a linear Hall-MHD model. Neglecting the Hall term gives
the ideal MHD, which is the very simplest model for MHD waves. Taking
the time derivative of Equation (6.13) and using Equation (6.12) to eliminate
the time derivative of v;; gives

2 . .
8B1:VX(<(BO V)B, V(By-B) 1 vXa&)XBO)_

ot HoTom; HoToM; Ho€no ot
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For waves with frequencies much lower than the ion cyclotron frequency, w,;,

and wavelengths larger than the ion inertial length, A\; = —=, one can usually
pi

neglect the Hall term. In this case one receives the ideal MHD model:

82B1:VX (BO-V)Bl_V(BO-Bl) « By ).
ot? Honomm; Moo

Using the triple vector product identity Vx(A x B) = (B-V)A-B (V- A):

"B;  (By-V)’B, N B,VZ(By-B1) (By: V)V (By-By) (6.14)
o2 ponom; HoToM; HoTo; ' '

This supports two wave modes; the magnetosonic and shear Alfvén waves.

6.6.1 Magnetosonic Waves

Assuming B and B; are perpendicular to one another, taking the component
parallel to By (taking the scalar product of Equation (6.14) with By) obtains
the wave equation for magnetosonic waves:

0? (By - By)
T = Uin (BO . Bl) s
where vyq = 5§ is the Alfvén speed, and B2 = By - Bg. The magne-

KOOI
tosonic waves are compressional waves similar to acoustic waves and prop-

agate in all directions (except exactly parallel) to the magnetic field lines.
The dispersion relation is then given by

w? = vik?

Since the wave speed decreases with increasing plasma density, ng, density
maxima can work as wave guides for magnetosonic waves.

6.6.2 Shear Alfvén Waves

The wave equation for shear Alfvén waves is given by the component
parallel to By:

0°B; _ 2 (Bo- V)’ B,

o2 A B
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The dispersion relation is then
w? = vikﬁ.

The shear Alfvén waves propagate strictly along the magnetic field lines, and
tend to follow curved magnetic field lines.

6.6.3 Electromagnetic Ion Cyclotron Waves and Whistlers

When the wave frequency approaches the ion cyclotron frequency, the Hall
term must be kept. The dispersion relation for this case then reads

2

(w2 — vika) (w2 — v%kﬁ) — w—gvjk%ﬁ =0.
Wei
In this case, the shear Alfvén speed wave splits into two waves with different
polarisation; whistler waves which has right-hand polarisation and electro-
magnetic ion cyclotron waves with left-hand polarisation. The ion cyclotron
wave has frequencies below the ion cyclotron frequency and a resonance at
the ion cyclotron frequency (typically around 40 Hz in the ionosphere). The
whistler connects to the electron whistler with frequencies above the ion cy-
clotron frequency, and with a resonance when A\ .k > 1. The magnetosonic
wave connects to the lower hybrid wave resonance and turns electrostatic
when Ak > 1.
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Chapter 7

Kinetic Theory

Plasmas can be described in several ways:

e Single particle: Essentially the behaviour of a charged particle in
imposed fields, namely

dv

mE:q(E—i—va).

e Cold fluid: Generalising single particle effects to construct a self-
consistent current as the source of electromagnetic fields whilst avoiding

thermodynamics;
i

e Warm fluid: Thermodynamic pressure is added to the cold fluid
model, resulting in an imposed state where electromagnetic effects are
compromised, e.g.

J:VXB.
Ho

e Kinetic theory: A comprehensive mathematical framework designed
to model plasma particle dynamics, taking into account co-operative
effects - this requires a statistical approach.
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7.1 The Distribution Function

The distribution function is the basis of kinetic theory. Consider the average
height, h, of a discrete sample of N individuals with n; of them being of
height h;, then

o1 g

The distribution function of a continuous sample of heights, f(h), then gives
the average height as

i) dn

[ f(h)dh

A plasma has a very large number of particles, so that the description given
by a distribution function is ideal, though multidimensional. At each point
in time and space there is a complete distribution of velocities, given by

f=f(r,v,t).

The idea of ‘average height’ can be generalised when considering the plasma
distribution function to construct moments, which are averages over the
plasma:

Moment order Average Moment Equation
Zeroth Plasma number density n(r,t) = [ f(r,v,t) du
First Plasma fluid velocity V(r,t) =21 [vf(r,v,t) dv
Second Plasma pressure tensor | P(r,t) =m [ (v —¥) (v —=¥) f(r,v,t) dv

The kinetic approach underpins all fluid (macroscopic) model construction,
as well as being a statistically self-consistent description at the mesoscopic
level, with some microscopic significance.
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7.2 The Boltzmann Equation and Maxwellian
Equilibrium

The fundamental (Boltzmann) equation describes how the distribution of
charged particles is changed by mutual interactions in phase (r,v) space:

of\ _of jor 9f L ov of
ot), ot ot or Ot Ov
_of of af
—E—FV E—ira v

The change in density is controlled by flux in and out of a closed surface
which is given by the fluid continuity equation:

op+v-Vp=—pV - v.

However, the change in distribution function f is controlled by flux in and
out of a closed hypersurface, with collision-scattering changing (r,v) config-
urations.

The key to the evolution is how the collisions are modelled:

e In fully ionised plasmas long-range Coulomb forces dominate; bi-
nary collisions (interactions between only two particles) are rare as the
plasma evolves via many simultaneous weak interactions. There are
two modelling approaches for this:

— Vlasov
— Fokker-Planck.

e Partially ionised plasmas include binary collisions, which may dom-
inate. This must be able to describe both elastic and inelastic binary
and long-range interactions. There are two models to cover this ap-
proach:

— Boltzmann

— Krook.
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7.2.1 Equilibrium Solution
When there are no external forces acting upon a plasma, it relaxes to Maxwell-

Boltzmann distribution, i.e. the Boltzmann collision (exponent) term is con-
sistent with a plasma relaxing to a Maxwellian distribution in the absence of

external forces;
3
Jo(v) m) e
v) = exp | — )
0 orksT ) P\ 25T

Performing the moment calculations gives

Moment Moment Equation

Plasma number density n=[_fo(v) dv
Mean (bulk) speed V= f vfo(v) dv = (%)%
Mean energy £ = fooo 2f0( ) dv = %kBT

There are also other useful forms of the Maxwellian:

Form Equation
Energy probability function (EPF) | g(&) = TR Ez exp ( kBT)
Energy distribution function (EDF) gp(E) = E72g(E)

7.3 Vlasov

The Vlasov method sets all collisional kinematics to zero, i.e.

of 8f of
8t+ B (E+ ><B)~a—V

There are incorporated long—range ensemble interactions by self-consistent

electromagnetic fields:
= E g/fz(ravvt) dv
€o

OE
B(r ; t) d
V X “OZ /vfrv V+60,ugat

=0.
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where the first equation is the source of electrostatic field (charge separation)
and the second equation is the source of the magnetic field (current flow).

The key point to the Vlasov approach is that the distribution function acts as
an electromagnetic source, resulting in non-linear feedback and so the whole
plasma behaves according to common fields. This method is widespread in
the modelling of fully ionised plasmas as it yields important simple insights
and agrees with the cold plasma model in an appropriate limit, whereby the
plasma behaves like a dielectric, resulting in Landau damping (5.1);

2 9fo
Ek,w) =1+ / Pz gy,

eemk | w — kv,
Linearising the Vlasov model’s equations gives

df1 fi € dfo

g AN
ot Vo T v
V-E=25 [ f dv:
€0

e? gﬁ
(hw) =1 gy
& (k) +eomk:/w—kvz M

There is a singularity at w = kv,, hence this can be expanded around the
pole as

o 1y br
(w—Fkv,) = = =
w

+ ...

This then allows integration by parts on the second term so that

which is the cold plasma dielectric coefficient of cold plasma oscillation. Fur-
thermore, integration by parts on the fourth term gives

kgT
w? :w§+3kzzi
m

which describes the warm plasma electrostatic waves.
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In order to bypass the singularity, one must implement contour integration
in the complex plane, which potentially results in a complex frequency:

o2 dfo
Elk,w) =1+ / s gy

eomk | w — kv,
w? !
=1+-—= / dv.

2 _
nk v — U

w

The singularity then exists at v = %, resulting in the integral becoming

I dv=P I

¢ U— Up v — U,

dv + 2mif'(vp),

where the first term is the principle part and the second term is the “residue”,
which is a damping term. The real, r, and imaginary, 7, dispersion relations
for Landau damped Langmuir waves are given by

w = W, + tw;;

3
Wy = Wper/ 1+ 3k2A%, & Wpe (1 + 5]{:2/\217) ,

oo <7r); Wpe (3 1 )
: s) 13 TP 2T 2y

The real component of this is the same as the Bohm-Gross relation earlier
derived using the two-fluid model (Equation (6.2)), however an imaginary
component - the Landau damping - has now surfaced. The two-fluid model
could not calculate this result as it is a result of the internal dynamics of
the electron velocity space, to which the model was oblivious. The physical
interpretation of this relation is that electrons that are moving close to the
phase velocity of the wave will gain energy from it, as will electrons moving
slower than the phase speed, however electrons will lose energy if they are
travelling faster than the phase speed.

7.4 Cross Sections and Types of Reaction

The collision cross-section, o, is the interaction area for a collision, e.g. for
hard spheres this would be

o, = ma’.
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The mean free path, A, is the average distance between collisions, i.e. for
a material of number density n

)\mfp = no.
[

The collisional frequency, v,, is the average rate for collisions to occur;
Ve = NO.
In general, collision cross-sections and mean free paths are dependent on

velocity, as well as target particles having normal distributions of relative
speeds.

7.4.1 Binary Coulomb Interaction

The scatter of charged particles is due to the Coulomb potential. Consider
two particles, each of charge ¢;, mass m; and relative speed v, at scattering
angle 6., the Rutherford cross section, o, is given by

2
q192
C bl 60 - .
7e(vo, be) (87reomrv§ sin? (196)>

2

Incorporating the Boltzmann collision term gives

_a ! p!
<8J;1> :/ fifs = fifs | o= val| o dvy dS2.
c N~~~ N~~~
pre-

post- re-
collision  collision

The plasma rapidly relaxes into the Maxwellian via strong binary interac-
tions, however the collisions are binary only - as well as being uncorrelated
and restricted to coarse-grained variations in the distribution function - which
are rather restrictive assumptions. Instead, plasma evolution is usually the
result of many small interactions.
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7.5 Fokker-Planck

Taking into account many weak, simultaneous interactions, the Fokker-Planck
collision term is based upon Brownian motion:

(2) - -2Ua) PG
ot ov 2 ovov

friction diffusion

C .

where

(Av) = é/\IfAv d(Av);

(AVAV) = é/\PAvAv d(Av),

where W is the probability function; the likelihood that a particle initially
with velocity v acquires an increment Av in time At via a small-angle scat-
tering process. The velocity of a group of particles may be changed by many
weak interactions, known as dynamical friction, as well as being able to
spread out in velocity space, known as velocity diffusion. The scattering
process is independent of time or history, hence it is a Markovian process.

The Fokker-Planck collision term can be written in a simplified way:

2 9%G
g T _8( %—?j) _'_18 < 8v8v>
ot ). P ov 2 Ovov ’

where

2 2

q-q
r, = ¢ _In(A
P dretm? n(A),

g - /fsc(vsc)|v - Vsc| dVSC7

m + Mge fsc(vsc>

m |V — Vgl

H = dve,

and In(A) is the Coulomb logarithm.
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7.6 Krook

The BGK Model (Krook approximation) is a very simple construction which
assumes that the plasma is close to an identifiable equilibrium. This is a
close approximation to the Boltzmann collision term:

(2 1=
ot c— T.

where 7 is the time of a single collision, which yields simple insights into
transport coefficients, however it does not necessarily conserve particle num-
ber, momentum or energy. It is very good for electron-scattering models in
a minority plasma. Assuming Maxwellian equilibrium, the constant collision
frequency, v,, is given by

1
Ve = —.
Te

Other quantities related to this frequency include:

Quantity Equation
Plasma conductivity o= :5,2
Particle mobility n= mzc

Thermal conductivity | K = 5§,knﬁT

The Krook operator can be exploited in advanced fluid simulations by using
a lattice Boltzmann method.

7.7 Reaction Rates in Chemical Kinetics

Atoms and molecules possess complex sets of electronic configurations. En-
ergy can be delivered to the atom/molecule via photons or collisions, causing
internal excitation. If enough energy is delivered then an atomic or molecular
electron is liberated, creating an ion, the probability of which is given by the
cross-section.

Consider an incident particle, e.g. an electron, travelling toward a target
particle, e.g. an atom or molecule. Assuming an elastic collision, the target is
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not excited and instead it acquires momentum because the energy transferred
did not reach the threshold energy of the atom/molecule. The reaction can
be written

e+ A —e+A.

However, in an inelastic collision the electron slows and the atom/molecule
is internally excited:
Cfast 1 A— €slow 1 A"

This excitation can be lost by losing an electron (ionisation) or releasing a
photon (de-excitation). However, the target can remain excited provided the
relaxation is forbidden (metastable).

Despite their names, the chemical kinetics of a reaction are carried out within
the fluid limit, not the kinetic limit. The reaction rate, k, is the average rate
of interaction, (ov), hence is given by

b f f(v,t)o(v)v dv
[ f(v,t)ydv
The rate coefficient can then be used in rate equations, e.g. the rate of change

of number density of species 1, given in terms of the rate coefficient for the
reaction between species 1 and species 2, is given by

o
ot

= knins.

The general modified (Arrhenius) form for a chemical process is then given

by
T\" E,
k=A (To) exp (— kBT> ,

where F, is the activation energy.
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Chapter 8

Driven Plasma

Technological plasmas are often driven, resulting in relaxation timescales
being on the order of external driving frequencies. Furthermore, plasmas
are often minority species, meaning that collisions with neutrals are very
important. This is as well as being bounded, resulting from large electric
fields being present. It is therefore important to formulate a plasma model
which incorporates these features.

8.1 Margenau Distribution

The Margenau distribution gives a general form of electron distribution func-
tion for gas-plasma mixture in the present of an oscillating electric field®:

f=Ae",

-1

v 2 2E2
W :/ dv mv | kgTy + 62 e ,
0 —— 3m (1?2 +w?)¢
Edrive

!Desloge, Matthysse, Margenau and McDaniel. Collision Phenomena in Ionised
Gases, Phys. Rev. 112:1437, 1958.
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where v is the collision frequency for elastic electron-neutron interactions, w
is the driving frequency, and £ is the energy loss paramter, i.e. the average
energy transfer per collision.

Four cases can be readily identified:

1. The thermal energy of the gas is dominant, E;, > Fg.ive, resulting in
a Maxwellian distribution:

W %va
kT,

2. An harmonic electric field in which thermal motion is negligible, F;, <
E4rive, resulting in a modified Druyvesteyn distribution, which has fewer
high-energy particles than the equivalent Maxwellian with the same
total energy content:

3 Lmo? 3 (mow\?
W=2¢| 2" z ¢ .
2§ (eErms)\mfp) + 45 (eEl“mS>

3. A DC electric field (w = 0) is dominant, E.,s = Epc > VkeBT, re-
sulting in a Druyvesteyn distribution, which has fewer high energy

electrons than a Maxwellian distribution; this is important for ionisa-

tion/excitation rates:
2
3 mov?
W= ¢ (2—>
2 eEpc)\mfp

The rate of change of the mean electron energy, U,, is simple related
to the mean gas target energy, Uy:

dU,
dt

Therefore if U, < U, then the electrons are heated, and vice-versa.

=—¢v. (U, —Uy) .

4. A high-frequency electric field, resulting in another Maxwellian but
with a corrected ‘temperature’ (w > v):

1,9
5V

W =~
kBTeq’
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where 00 o2
e
kgT., = kgT, s
Bleq plg+ 3mw?&

The general expression for the distribution function is given by

)ﬁl exp(—e).

€
FE=C(1+
’ < B+ Bo

where

mu2

€= ST
Br=1 (—E;”Amf) ,
3 ky T2
5, = m)\fﬂfpr.
2kpT,

When the electron temperature is significantly higher than that of the gas and
the density is not too low, the equilibrium distribution function is Druyvesteyn.

8.2 Ionisation Equilibrium

In order to predict the degree of ionisation of a gas-plasma mix, one uses the
thermal equilibrium as a starting point. For a system with discrete energy
levels the degree of ionisation is given by

No _ o (_AE
N, ga P\ kT )

where N,; are the numbers of particles in energy levels a and b which are
of energies F,}, respectively, ;’—Z is the degeneracy of the energy level, the
exponential is the Boltzmann factor, and AE = E, — F, is the difference in
energy levels. This system is appropriate for an atom, but the theory must

be extended for ionisation to cover atomic (ion-electron) ensembles.

Given a system in which an atom has excited states E1, Fs, ..., its ion has
ionisation stages Ny, Ny, ... as well as excited states (Note: the Roman
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numeral subscripts indicate ionisation stages; Ny is neutral, Ny is first ioni-
sation etc). In equilibrium the rate of atoms being ionised is the same as the
rate of ions being de-excited, i.e.

Aes AT +e.

The Saha equation (Equation (1.1)) gives the relative proportions of each
ionisation stage as

Ny 17 Zi1 (27?77%14313T)g ( Xi >
= Ge exXp | — )

Ne Z; h? kpT
~ ~
partition electron term
functions

where y; is the ionisation energy.

8.3 Waves in Kinetic Plasmas

Recalling the dielectric coefficient for an isotropic unmagnetised kinetic plasma;

o g
€ =1+ 2 — du,
" eomk / w — ku,

this may be written in the form of a dispersion relation for electrostatic
(dielectric coefficient vanishes) modes:

w? f!
1=—2 O du.
nk? | u—uv, Y

This results in not just plasma oscillation but Langmuir waves. If the equil-
brium cannot be described in terms of a single Maxwellian distribution then
the waves must be unstable. The damping term is proportional to the gradi-
ent of the equilibrium distribution in velocity space, hence a positive gradient
in the distribution function can lead to a growth in the disturbance. A bump-
in-tail instability is a special case of a two-stream instability.

In magnetised kinetic plasmas the magnetic field complicates the dielectric
response, giving a dielectric tensor rather than a constant. Using a linearised
Vlasov equation for small-amplitude waves gives

UJ2
k x (kxE)+ —€eE =0,
C
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with dielectric tensor
€xx €y €xz

€z €zy €zz

8.3.1 Parallel to Magnetic Field

Parallel to the magnetic field the observable phenomena include:

1. Langmuir waves: electrostatic, longitudinal.

2. Alfvén waves: transverse, low-frequency electromagnetic dispersion:

w = w, + 1w;

o Ky
Ty g
2
2 2\ —1 2,2
Wy, C m;cs w
P 1>a &)
w, = ——— 114+ — ex _
' ‘k|||ﬂi ( CZ) p( 2kpT; W%)

3. Whistler waves: electromagnetic, intermediate frequency dispersive

modes: Wy K W K Wee:
2

wl2’ (1 + K CQ) B < MeWee >
W R —————— — | exp| -3 |-
i (22)° e

mg

3}

4. Cyclotron waves: transverse, high-frequency near electron cyclotron

frequency:

1
2 5, ,2
. meC 2 <")pe
w R~ k”c —1 .
8tkgT, Wee
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8.3.2 Perpendicular to Magnetic Field

1. Ordinary mode: transverse electromagnetic, electric vector aligned along
equilibrium magnetic field

ey ey MO

n=—oo

where b(s) = £L58L and I, are Bessel functions.
s¥cs

2. Extraordinary mode: (almost) transverse electromagnetic waves, with
very complicated dispersion relation

[1 B Wt i 2L, (by) + 262 (Ln(bs) — I;(bs))]

w? w by W — NWes
S n=—oo

X
—bs

w28 - 2]77, bS
oy y ]

[Z S n<1n<bs>—f;<bs>>r

S n=—oo

3. Bernstein mode: longitudinal electrostatic mode propagating perpen-
dicular to magnetic field

ps Wes Mg 755
TR P RN

s n=l1

8.4 Summary

The kinetic descriptions may be interactable for large-scale, complex plasmas;
the moments of the Boltzmann equation are taken in order to get a fluid
description. The general transfer equation is given by

{%WWWL—8(%i¢>)+a(n§?¢>) <gﬁ> £ <(uxB)_g_ﬁ>.
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Model Scale

Single particle Microscopic

Kinetic description | Mesoscopic

Fluid models Macroscopic

The first few moment equations of a purely ionised homogeneous plasma are:

O:%—FV-(nmv)
-K =n.m, (%—}—ue-V) u, + Vpe + nee (E+ u, x B)

0
K =n;m; <a+ui-V) w; + Vp; + nie(E+u; x B),

where the first two equations are conservations of electrons and ions - which
is not always true if there are sources or sinks present - the last two are
equations for momenta, p; . are scalar pressures and K are collisional terms
highlighting momentum exchange which are given by
) du.
(&

- fon () fn (3

The options for building a fluid model are:

e Neglect fluid velocity compared with bulk flow:
Cold plasma model

e Retain full thermal physics, drop short timescales:
Hydro plasma model

e Retain all timescales and thermodynamics:
Who knows?
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